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THE PROBLEM OF THE INTERNAL CONSTITUTION OF STARS * 
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. It is a long time since stars were regarded as mere points of light in the distant sky, 
which served only to fix the bearings of the members of our solar system. Bessel, 
Struve and Henderson by their measurements of the parallax of three stars first con- 
firmed the conjectures of some of the previous astronomers that the stars were at very 
great distance from the solar system. The parallax measurements first introduced a 
new scale of distanee in Astronomy, and it became clear that the previous scale with 
the distance of the earth from the sun ss astronomical unit was entirely inadequate 
for measurement of distances in the stellar world. The light year thus came into 
existence. The first impression about the stellar world thus obtained was that the 
stars are very much isolated and lonely objects in the sky and their mutual distances 
can be measured reasonably only in terms of light years. The vastness of this scale 
may be appreciated if we remember that the farthest extremities of the solar syatem 
yet known are only a few light hours from the sun. The failure of telescopes to magnify 
stellar objects could easily be understood. 

The use of this parallax method is limited to a distance of only about a hundred 
light years. Further more-powerful methods, as well as extension of our knowledge of 
the stellar world in general became possible only when celestial photography, photometry, 
and spectroseopie work came to be recognised as essential in astronomical observations. 
For instance distances for which the parallax method was useless could be méasured 
indirectly by measurements of the absolute brightnesses of stars. In stars of the 
Cepheid type whose brightnezees go through regular periodic cycles there exists an 
intimate relation between their absolute brightnesses and periods, the absolute brightness 
in general increasing with the period. The determination of abaolute brightness of 
these stars is now a matter of observation of their periods. Again, from the observation 
of the darkness of specific lines in the spectra of some stars the absolute brightness of 
these stars can be determined. The difference in the absolute brightnesses of two stars 
measures their difference in luminosities on a logarithmic scale, luminosity being defined 
as the total amount of radiation emitted by the star in one second and measured by 
such energy measuring devices as bolometers. Photcmetric measurements give 
on the other band the apparent brightness of a star. From absolute and apparent 


g brightnesses, the distance of a star can be deduced by simple calculation. The last 


named method of calculating distance by the comparison of intensities of specific lines 
in the spectra of stars is known as spectroscopic parallax. , 


* Presidential address delivered at thë annua] general meeting of the Calcyita Mathematical Soc: ey 
held on January 29, 1946, 
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The spectral type of a star gives its surface temperature. There is a complicated 
method of calculating the diameter of a star from its surface temperature, apparent 
brightness, and distance. This calculation is based on our knowledge of the distribution 
of energy in the spectrum of a black body as expressed by Planck’s law The application 
of this law is delicate as most stars only approximately represent a black body radiator. 
The accurate measurement of surface temperature is a difficult thing and the experi- 
mental skill necessary for this is enormous. However, in addition to this theoretical 
determination of the diameters of stars there is the wonderful direct method of measure- 
ment of diameters by Michelson's interferometer. Large number of measurements 
have riot really been made as yet by this method. ‘The measurements of stellar dia- 
meters reveal the fact that there is great variety among stars as regards their size. 
Stellar diameters, several hundred times the diameter of the sun are known without 
their showing corresponding variation in mass. 

. The giant stars which have these large diameters may differ from the dwarfs with 
smaller. diameters in „two ways. Either they contain intrinsically very much more 


„matter than the dwarfs in which case their masses would also differ approximately in the 


same proportion, or the giants are only bloated configurations containing matter of 
extreme tenuity, and their masses are really comparable to those of the dwarfs; their 
huge bodies compensate for the large diminution in the dénsity of their material. This 
question can be settled by determining the masses of the giant stara. To measure the 
mass we should have a gravitational field in which the mass can fall. Mass deter- 
minations of stars by observation hava thus far been possible only in the ease of binary 
stars, ië., a couple of neighbouririg stars each moving in the gravitational field of the 
other. For visual biríaríes thé relative orbit of the stars can be 'obsérved, or possibly 
the orbit of one ster against thé background of the sky. Their number i is not large. 
Of great importance to astronomers are the spectroseopio binary stars which are at the 
same time eolipsing variables. For spectroscopic binaries, from the shift of the gpéctr al 
lines can be determined the approaching or receding velocities of the stars in their 
orbits, while, from the periods the size óf their orbits (in a certain scale) in projection 
can be calculated. For the actual size of the orbits in space it is necessary to know 
the inclinations „of the orbits to our line of sight. Exactly this is furnished by the light 
fluctuations in the case of ‘eclipsing variables. An eclipsing variable is,a double star 
whose brightness undergoes periodic change produced by the motion of the smaller: 
component round the bigger when due to their relative position light 18 sometimes 
strengthened and sometimes weukened. The actual dimensions of the orbits „are then 
obtainable for a spectroscopic binary which is at the same time, an eclipsing variable. . 
When the orbits and the periods are known, the masses are computed by the application 
of, Kepler’ s law. It 18 also possible to find the absolute values of the diameters ot the 
two stars when the dimension of the orbit has been found, From the determination 


of the masses of many giant stars Ruséel’s conjecture that the giants are only bloated 


configurations with meterial contents comparable to those of the dwarfs was confirmed. 
Eddmgton made similar predictions regarding the dimension of the giant star Betélgeuse 
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trom purely theoretical considerations, which was brilliantly verified by the measure- 
ments of Michelson and Pease. This prediction was the result of theoretical investi- 
gations by him which culminated in the discovery of his famous Mass Luminosity law, on 
the basis of which masses of stars can be conjectured from their luminosities. This law 
indeed gives very good approximations. 

The problem for theoretical investigation of the stellar problem may be formulated 
thus. Given a star whose mass M; luminosity L, and radius R, have been determined, 
say from observations whose methods have just been described, we may ask what 
should be the appropriate density and temperature distributions in the star in order 
that a mass of matter M may be rolled up into a ball of radius E; from the surface of 
which will come out a total radiation of amount L per second. But this formulation 
18 as yet nob complete. There is still too much arbitrariness in the problem. We 
should be given the chemical composition of the star on the one hand, and the rate at 
wbich energy is produced inside on the other. The chemical composition whieh pr . 
marily is a consvituent factor in the determination of gas pressure ‘ultimately ‘influences 
other characteristics of the star in a very important manner. The generation of energy 
within the star should on the one hand be consistent with the distribution of density 
and temperature inside which should permit this generation, and on the other hand be 
just sufficient to account for the radiation that comes out at the surface. 


For these investigations the stars may be regarded to be in steady state. Á varia- 
tion may be considered only when evolutionary processes are involved. We may regard 
the matter in the interior of an ordinary star to be in an extremely hot gaseous condition. 
An important point to decide is if this mass should behave as perfect gas. The physical 
theory of the state of matter makes if almost certain that except under. fairly -well 
defined conditions, the exceptions are not however altogether rare, the perfect gas law 
should:be quite appropriate as the equation of state of steller material for temperatures 
and densities inside the ordinary stars. We shall here limit ourselves exclusively to 
this case. The hydrostatic equilibrium and the equation of state for these stars will be 
given by the equation 

: dP __ -2f 
. dr ~ * 
which is obtained from the following ur equation of equilibrium and the mass 
equation 


redr ^ (1) 


ta) 


dP _ _ GM(r) á 
dr- aS : 
aM) = AnT?p, á (1b) 
dr 
and k ` " n á 
P = Pot Pr Po = — oT, Pr = hat. (2) 
pH 


The pressure 1s taken to be the sum of the gas pressure pg, and the pressure dua to 
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radiation p,, which may be important for temperatures of the order of many million 
degrees inside the stars. 
We require an equation which will say hos the energy will flow through tho star. 

As Eddington has shown the transmission of energy in the stars of this type by con- 
duction wil be small compared to that by radiation, and this latter method of transport 
in fact forms the chief mode of energy propagation. But conditions may arise whereby 
the temperature gradient for the transfer of energy by radiation would be steeper than 
the adiabatic temperature gadient under those conditions. The radiative transfer 
would then become unstable, and convective currents would be set up effecting most 
part of the transfer of energy. For radiative transfor the law is 

dp, ` kp L( 

ir FS c i (8a) 
where p, is the radiation pressure, e the density. x the opacity of the stellar material, 
and L(r) the total rate of flow of radiant energy across the sphere of radius r. Where 
the radiative transfer is replaced by transfer by convection, a state of convective equili- 
brium will be established, which will be governed by the equation 

Sr (8b) 
2n T, ga. 80-0 

, B *12(y- 1) — 8) 

where B is the ratio of the gas pressure to total pressure, and y tho ratio of the specific 
heats of the material. The opacity factor x in (8a) is. a function of the density, tem- 
perature and chemical composition of the stellar material, and may arise from two 
causes. Opacity may be caused by the photoelectric absorption of radiation by the . 
stellar matter, or as in case of very high temperatures by scattering by electrons. The 
opacity function in (8a) is a sort of a mean called Rosseland mean, and the resultant 
opacity can be put, as was shown by Stromgren as . 

K = kKgtlökg (8.1) 
provided kg > xs, where kg is the part of opacity due to absorption.and x, that due to 
scattering, but when x,> Ka, the right hand side of (8.1) is to be replaced by 1'5kat ks. 
The opacity due to absorption is a function of the pressure, temperature, and chemin 
composition of stars and is given by the physical theory as 





à Kd 0 
Kg = — , 
A | (3.2) 
"aw = T05 x10°(1-X-Y)[X+}Y +y -X-Y)] | 


where + called ‘‘ guillotine factor” by Eddington is a very slowly varying function of 
temperature and pressure whose numerical value has been given by Strömgren and 
Morse, X, and Y the proportions of hydrogen and helium per unit mass of the stellar 
material. It is important to note that X and Y appear in the formula only indirectly. 
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The absorption frequencies of ‘these elements lie in a Yegion the effect of. which is &e 
contribute nothing to the mcan value of opacity, only which appears in formula (8a). 
. The contribution to mean opacity comes through the heavier elements whose proportion 
18 reprosented by (1—X —Y). ‘The last factor in (8.2) which contains X and Y separately 
represents the number of free clectronà per unit volume of the stellar material. ‘I'he 
degree of ionisation of this materialis represented by the constant ye, which stands for 
the number. of free electrons per protonic weight. The absorption due to scattering ke 
is independent of temperature and pressure (though it becomes signifieant only for high 
temperatures, say for above 25 million degrees), but depend: nt on the composition, and 
is given by 

kg = 0'885 x [X - 3Y e q,(1 - X - Y)]. (8.8) 
We thus see that the chemical composition of the star enters our calculation.through 
the opacity factor in equation (8a). It also makes its appearance directly in a different 
way. We have assumed that the material of the star behaves as a perfect gas, and in 
this case the transfer of energy is oy radiation or convection expressed py equation 
(8a) or (8b) The equation of state for the perfect gas, is given in (2), and ‘the molecular 
weight » in this formula is expressible as 


as af 
PI" aX-3Y*q«-X-Y) ; ne 


where yx is the number ol free particles (free electrons + nuclei) per protonie weight. 


In equation (8a) occurs the function L(r), called luminosity function meaning the 
total energy of radiation moving outwards per second across the sphere of radius r. 
This- apparently will depend upon the rate at which energy is being generated inside this 
sphere. We thus need to know about the rate’ of generation of energy. If e(o, T) bo 
this generation function giving the energy. generated per unit mass per unit time we 
must have ; 

a) e Arge, T). (4) 

r ! 

The function e(e, T) should be known from physicai theories. In recent years a 
formula for this has been worked out by Bethe, based on the previous works of Gamow, 
Atkinson and others on tbo transmutation of the nuclei of Hydrogen, the lightest 
element known, to Helium through the catalytie agents carbon and nitrogen which 
remain unaltered at the end of the process. Four hydrogen nuclei ultimately produce 
one helium nucleus and set free energy as radiation. . Bethe's fórmula is ~- . 


ele. T) = e, XoT-38 e =D} l (4.1) 


where the numerical values of £, and B have boen given by Bethe. 


Equations (la), (1b), (2), (8a), (4), and (4.1) really place four differential equations 
at our disposal from which we can determine the density, and temperature distribution 
inside, when there is no convection. In the case of convection we take (1a), (1b), (2), 
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(8b); (4) and (4.1). Now the equations break up into two groups, the first four deter- 

mining;the temperature and density fields, and the last two the-luminosity., 
The boundary conditions to be satiefied for the solutions of our equations are M —.0, 

EL =0,atr=0,ande—->0, T— 0 at the outer boundary r= R. Inspite of the.tem- 
perature of a few thousand degrees at the surface which is small compared to millions 
of degrees in the interior we can without serious error pub T= 0 at E — r as is outer 
boundary condition. 

' If we replace e in (4) by (4'1) and P by e and T in equation (1a), then*with these 
and (1b) and (8a) we have four differential equations involving o; T, L(r), M(r), X and Y. 
We may consider X, and Y to be known constants, working with the average values of 
these quantities in the configuration. The equations will have fou parametric solutions. 
We may call these parameters C,, Cz, Cs, and C,. The conditions at the centre 
L(0) = M(0) = 0, reduce them to two. Further, the external boundary conditions at 
TER for e and T will determine these two parameters in terms of fhe radius R (if for 
the time being we assume that this is possible for finite R). Thus each solution will 
contam three disposable constants, X, Y, i.e., the hydrogen and helium contents of the 
stellar material, and R, the radius. This is of course true of any other energy generation 
law of type (4.1). | 

` A very important configuration from the point of view of stellar structure is the 
one, first given by Cowling, m which there is a small central core wherein convective 
currents are responsible for the main transport of energy, while outside this coré the 
transfer of energy is by radiation. This composite configuration also fits „in -excellently 
with the scheme formulated for the mode of energy generation inside stars by Bethe. 
The generation of energy may take place inside this convective core which will cons- 
tantly be stirred by the convective currénts ensuring well mixing of-the material and 
unhampered continuation of energy generation. The solution of the equations corres- 
‘ ponding to such a model does not also give us ultimately more than three parameters. 

The solution for the purely convective core worked out with equations (la, 1b), (2) and 

(8b), three differential equatidns of the first order, will contain as before three arbitrary 
constants which will be reduced to two on account of the central condition M(0) = 0. 
We call these constants O, and C. The outer solution for radiative envelope as in 
the case above will contain only three constants C,, C, and C,, and a parameter L, the 
constant luminosity in the envelope, the temperature gradient in which will be given 
by equation (4) with L(r) = L. We need not now consider equation (4.1) as there is 
no generation of energy. in the envelope. The outer boundary conditions and the given 
total mass M of the configuration will completely determine the three constants, so 
that the exterior solution will be expressible in terms of L, M and R only. But certain 
conditions of continuity of the pressure, temperature, mass and luminosity have to be 
fulfilled at the interface where the convective and the radiative gradients merge into 
one another. The conditions of continuity al the interface supply four equations which 
we may ‘call equations of fit (in the literature on the subject two equations derived from 
these four by elimination are known as equations of fit). These four equations of fit 
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will determine the two constants C, and O, and in addition provide two relations 
among the parameters L, M, R, X and Y (X and Y being regarded as constants in the 
equations). We thus see that whether the configuration be of the purely radiative, or 
of the composite convective-radiative type, the solutions of our equations and the 
proper boundary conditions finally supply us with only three parameters in terms of 
which every other property of the configuration is expressible. This is only an elabora- 
tion of the well known Vogt-Russell Theorem. 

Now we come to the essential point of our problem. We have seen observation 
supplies us with three constants of a star, viz., luminosity (L), mass (M), and radius (B). 
The theory on the other hand gives us two relations among the five quantities L, M, R, 
X and Y. Hence the observed values of L, M, and R will uniquely fix X and Y. We 
thus see that the equations of stellar equilibrium given before will for assigned set of 
values for Z;, M and R of a star, fix X and Y, that is its chemical composition as regards 
hydrogen and helium content. The temperature and density fields inside the star 
are of course given by the solution at the same time. In short in the present day 
theory of the internal constitution of stars there appear just as many unknown para- 
meters as will be completely fixed by the observational material. We may regard 
L, M, R, X and Y, as five parameters of a star, any two of which will be fixed by the 
other three. Naturally, we take L, M and E io be the parameters which fix the com- 
position X and Y. 


We thus see that the stellar problem as presented above is not overdetermined. 
This has one disadvantage. If we desire to have an internal check in our theory to be 
furnished by the three observational prameters L, M and R, we find, we have no chance 
for that here. The relation among the parameters of the solution furnished by the 
theory only helps to determine X and Y, two unknown factors of the composition. For 
the desired check we.must look to other quarters. Two different considerations lave 
indeed been proposed by Strömgren and Biermann for check. Strömgren on the basis 
of a different theory-of energy generation due to Weizsäcker attempted to determine 
the hmits of the ratio of X to Y, and of Y to heavier elements in the interior of stars 
from the reasonable assumption that these ratios cannot exceed the corresponding 
values ‘obtaining in the composition of the stellar ‘atmosphere. The limiting. value of Y 
he obtumed from tins is quite high. Biermann, on the other hand, obtains from the 
condition of dynamical stability of a star worked out in terms of mean ionisation energy 
and mean lemperature within it. a lower limit for its hydrogen content [Zeit. Í. 
Astrophys., 16, 29, (1988); a second „paper by Biermann which appeared in the same 
journal in 1948 has not been available lo me in India]. These ‘are checks limiting the 
values of the parameters X and Y. A complete quantitative internal check in confirma- 
tion of the theory of stellar constitution described above is not known. 


' "Though it is not the object of this address to discuss the various types of solutions 
of the equations of stellar equilibrium certain first approximation solutions „which have 
proved, to be quite satisfactory in many cases, may be mentioned here. Eddington 


i 


^ 
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proposed a model known as '' standard model," in which equations (4), (4a) regarding 
generation of energy are dispensed with. In the absence of the knowledge of energy 


- 


generation, Eddington made a conjecture that 
= LM 
LIM 

should be extremely slowly variable within a star, so that xy may be pub equal to a 
constant without committing a very serious error. This gave a fresh relation for the 
function L(r), and so ib was possible to dispense with (4) and (4'1) and solve thè equa- 
tions (1), (2) and (8a) completely. The configuration came out to be a polytrope n = 8, 
the mass and the composition in this case entirely determining the ratio of radiation to 
gas pressure, The net outcome of this wás the famous Mass-luminosity relation of 
Eddington according to which the mass of a star can be predicted from its luminosity. 
This relation which is true for more general model for negligible radiation pressure, as 
was shown by Strómgren, has also the form 


Ki] 


L|Lg = ET x10". MORo JR) *(uB)* (5) 


where Kp = («4'[7) in equation (8:2), s, the value of y at the centre, and, © the mass of 
the sun (the suffix © referring to the corresponding solar value). "This formula has also 
been used for determining the hydrogen content of stars. 

A second model also worked out by Eddington is one m which the luminosity fune- 
lion L is considered constant throughout the star, close upto the centre. The integration 
of this point source model clearly indicates that near the centre the radiative gradient 
must become unstable, so that no stable configuration can be constructed with radiative 
gradient reaching upto the centre. The mathematical solution with radiative gradient 
right up to the centre for constant opacity x has the characteristic (for M = 0, at r = 0) 
e>0asr—-0. The most important model which fits in with the scheme discussed before 
18 the one worked out by Cowlmg in which, as stated before, a convective core is 
surrounded by an atmosphere in which the radiative gradient prevails, the radiation 
pressure in the whole model being negligible. As a convective configuration with negli- 
gible radiation pressure is a polytrope n = à this amounts to fitting a solution of (1), 
(2) and (8a) with constant L from outside to a polytrope n = á occypying the central 
region. The equations admit of homologous transformation so that it becomes possible 
to find the solution which fixes the relative scale of the core and the outside. It is 
found that the convective core contains about 14'5 percent of the total mass and has an 
extension given by about 19 percent of the radius of the configuration. 

But Cowling’s composite stellar model does not involve any consideration of energy. 
The total rate of generation ot energy of the Cowling model may be calculated from 
equations (4) and (4.1), and if the model be consistent with Bethe’s energy generation 
formula the value of L so obtained should agree.with the-constant value assumed in 
equation (Ba). Bub a complete formulation of the problem should as stated. above’ 
require an outside solution of (1), (2) and (8a) with an appropriate constant value of L: 


H 


PROBLEM OF THE INTERNAL CONSTITUTION OF STARS g’ 


to be fitted to a solution of (1), (2) and (8b) going right upto the centre, such that the 
integration of (4) and (4a) should give the same value of L. This latter solution for 
the core in the case of negligible radiative pressure should be that for a polytrope n = 3. 
Only such a solution will be entirely consistent with Bethe’s energy generation formula. 
We may make a scheme in which for assigned composition and central temperature 
integrations may be started from the centre. This assignment should fix the configura- 
tion completely. When the central temperature is nob too high the core will be a 
polytrope n = 3, for which L(r) may be calculated by (4) and (4'1). The success of the 
solution will depend on the choice of the right central density which will lead to the 
correct boundary condition e — 0, T — 0 simultaneously outside. A series of such 
solutions will supply us with data for comparison with known stars. An approximate 
solar model in complete agreement with Bethe's energy generation formula has been 
worked out with hydrogen content X = 0°85, Y = 0. It is found that for a star of this 
composition, and central temperature T, = 20:2 x10*, Bethe's energy generation formula 
will be valid when its mass, luminosity and radius are given by 


M = 2°12x10%gms, L = 87x10% erg/sec, R —8x10!? om. 


The central density then is e, = 45°65 gm/em?. This may be regarded as an approximate 
model for the sun. It may further be shown that for stars of small masses for which 
radiation pressure is negligible, the Cowling model is quite in good -agreement with 
Bethe’s energy generation scheme. This model may be utilised in constructing solutions 
for many dwarf stars with appropriate hydrogen content and zero helium content. The 
mass and luminosity of such stars do not differ much from those of the sun ; the 
hydrogen content is very near 85 percent in all of them, though their density and tem- 
perature fields are different from those of the solar model. The convective-radiative 
models so far constructed for larger stellar masses in which radiation pressure should 
be appreciable are not in agreement with Bethe’s energy generation formula (41). ~ 

- This briefly represents the present state of the theory of the internal constitution 
of stars, rather of dwarfs. We have only stated the problem and briefly touched upon 
certain special solutions. A theory of stellar structure cannot, of course, be complete 
until it explains the peculiar pattern of stellar representation on the Hertzsprung-Russel 
diagram. Strömgren has explained the groupings on the diagram in terms of two 
parameters, mass, and composition represent by the average molucular weight. A 
complete knowledge of energy generation in stars may be expected to pfýe us finer points 
of the Hertzsprung-Russel diagram, and a clue to the life history of a star. 
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A NOTE ON AVERAGE STRESSES IN A PLATE 


BY 
S. GnosH 


(Received January 21, 1946 
INTRODUOTION 


The object of the present note is to make a critical examination of the assumptions 
made in -solving the problem of a plate stretched and bent by forces acting on its 
cylindrical edge. It is seen that, in the flexure of & plate, a state of generalized 
plane stress is always possible, while only a restricted distribution of deforming forces 
and couples can lead to a state of plane stress. It is also pointed out that, in the 
stretching of a plate by forces in its plane, a state of plane stress can always be found, 
while the existence of a state of generalized plane stress has not been proved. It is 
further pointed out that the equations for the'deiermination of average stresses Xz, Yy X, 
and average displacements u, v involve Z, so that unless some suitable assumption 
is made about Zy, the problem of average stresses cannot be solved. Besides the 
assumptions in plane stress and generalized plane stress, other simphfying assumptions 
are mentioned, and it is shown that the most general value of Z, is a plane harmonic 
function or the average value of the product of a harmonie function by æ or y or z or r*. 


THE PROBLEM 


Let the middle plane of the plate be taken as the plane z = 0, and let its plane faces 
be given, by s=+h. Let the plane faces be free from tractions which are assumed 
to be applied only on the cylindrical edge. 

_ The stress equations of equilibrium are 


9X, | OX, ex, = 0, (1a) 
or Oy z 
OX, BY, Y, L o i 
Sa + By * Oe Á (1b) 
OX, 8Y, 07, o 
ex + Oy Bz ? ( e) 
and the boundary conditions are 
X,—Y—2,-—0, (3) 
on the faces s = +h, and 
IX,+mX, = X, Xy+mY,=Y,, [X,+ mY, = Z, (8) 


on the cylindrical edge, where l, m, n are the direction cosines of the normal to it. 
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In order that a solution of the stress equations (1), subject to the boundary 
conditions (2) and (8), may -give a physically possible stress distribution within the 
plate, the components of strain calculated from the relations 


Nus X,—eY,—oZ, Eep = 2(1+0)Y,, (4a) 
g Ee, = Y,-oZ,-oXu, Eem 2o), (4b) 
Eeg = Z,—oX,—oY,  Eegy = W1+0)Xy, (4c) 


must satisfy the compatibility equations 














Ble Fon Sey Dre „18 |=. 9e , Seu] (ka 
- ða? 3y’  Oy8e Dy  z0c Oz * Oy "Bal 

Bess, Deas Oten, Foy = i$ [Se Sex 854] 

de or Orr! Bae 3ðylLöz Oy * ða | oy 

Gen, | O'ey, _ eey D esms 10 [dey Oe; Oz, iud 

Oy ' 6x — y ni az| (50) 


The compatibility conditions for the stram components may be replaced by the 
compatibility conditions for stresses. For an isotropic body these are 7 


1 9e 1 oe 








y? a 2y = 
Vat "er 0, V Ram t 8y8s 0, l (8a) 
2 1 oe x 2 1 oe b 
Virtue ey 7 O N'ES tl ane =0 — (6b) 
: : 9e F 1 96 _ | 
V as v Ge = 0, V AIL andy = 0, . (6c) 
where i 
@ = Xet Yy+ Zz. (7) 


Ag it is often found to be very dificult to obtain & solution of the equations (1), 
subject to the boundary conditions (2) and (8) and the compatibility conditions (0); 
we have to make some simplifying assumptions for finding a solution of the problem. 
When the boundary conditions are prescribed, the solution of the problem is unique, and 
we are nob permitted to make, any such assumptions. But, if the thickness òf the 
plate is small and the variations.of the stresses and displacements along the thickness 
of the plate are relatively unimportant, we can replace, in the boundary conditions (8), 

` Xy, Yy Z, along a generator of the cylindrical edge by any suitable set of statically 
equivalent tractions, which will help us in solving the equations (1) and (6). Then, 
by appealing to St- Venant's principle, we can take the solution of the problem to be 
praetically the same as that obtained under the simplifled assumptions, "at points of the 
plate not close to the edge. Again, it is difficult to determine what relaxations are to be 
permitted in the distribution of tractions along a generator of the cylindrical edge, 
so as to lead to an easy solution of the equations (1) and (6), and te leave the resultant 
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traction slong a generator unaltered. We are therefore forced to make some assumption. 
which will simplify the equations (1) and (6) in such a manner that their solution 
can be easily obtained. Moreover, the solution so found must be such that the tractions 
along a generator of the cylindrical edge, calculated from equations (8), must be statically 
equivalent to the given tractions along the same generator. 


ae : PLANE STRESS 


When the thickness of the plate is very smal, X, Ys, Zs are, in general, very 
small throughout the plate, A plausible assúmption about the distribution of stress 
within the plate is that 


ES ~ X das. ei) A i (8) 


identically. Then we can show (Love, 1927, pp. 206-7) that the stress equations (1) and 
the compatibility conditions (6) are satisfied, if we take 


y 


> = ON =X y =X 
Xe = By?’ Yy Ba?’ Xy E andy’ (9) 
where Qu 
X= xta a Fr. (10) 


The functions x, x, are independent of 2, and satisfy the equations 
S X 
Vixo = e, vi Xi = B, : (11) 
where 8, is a plane harmonie function in z, y, and B is a constant. 


The assumptions (8) satisfy the boundary conditions (2). The stross-resultanis 
and the stress-couples within the plate are given by (Love, 1927, p. 468 and p. 470) 





a ; . e t a "n . 
and 
: e [on [on 
= 2h3ð Xi -2p57X = 273 1 
G 3 h Oy? 2 Ga 3 h oz? , H, 3 h ðzðy' (12b) 
where . 
x’ = 2hy,— sigð“ Qo. p y (120) 


The stresg-resultants and stress-couples per unit length of the edge- line (i.e., the 
curve in which the edge cuts the middle plane of the plate) are given by 


T=} ed tma —2lm ÈX, i E (18a) 
Ox ou o. i 
; sein (X = Sx) - Hm) EX, l _ (18b) 


N=0, i aso 
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3 Sx Ms OX o Xi 
G = $h es +n? Á —2m i (13d) 
`E 3 9 Ox xs) 3) a? X ‘ 
T= $h {im (9-2 1)4 (F-m?) SA (13e) 


The equution satisfied by x, is sufficiently general io lead to arbitrarily prescribed 
values of T, S on the edge line, but the equation satisfied by x, is such that it gives 
only restricted values of G and 0H /0s on the edge-line. If we assume that the tractions 

. spplied to the edge of the plate are distributed according to the equations (8), (9), (10) 
and (11), we obtain an exact solution of „the problem. For any other distribution of 
tractions on the edge, statically equivalent to the stress-resultants T, S, N and the 
stress couples G, H per unit length of the edge-line, as given by equations (18), the 
solution represents the state of stress in the plate with sufficient approximation at 
point not near the edge. 

Thus the state of plane stress corresponds to the exact solution oi the stress 
equations of equilibrium (1) and the compatibility conditions (6), subject to the boundary 
conditions (2) and the condition that the resultant tractions on the edge per unit length 
of the edge-line reduce to an arbitrary force in the plane of the plate and a restricted 
couple given by (18d) and (18e). The distribution of tractions on the cylindrical 
boundary, given by (8, (9), (10) and (11) is perfectly general as regards z, y are 
concerned, but is restricted to be a quadratic in s. 


^ 


GENERALIZED PLANE STRESS 


Filon (1908) suggests that, if we are conlent with the average values ol stresses 
in the plate, we can relax, to some extent, the restrictions placed on the stress 
distribution in the theory of plane stress, He replaces (8) by the condition that 


Zs =0 (14) 
identically, while X,, Y, satisfy the conditions (2). 


Integrating the stress equations of equilibrium (1) with respect to g from ~h to hk, 
and observing that X, = Y, = 2,2: 0 on g = +h, we geb 


9X, 9X, 9 SX, 9Y, 8X, SE, o, (18) 


Oz ^ Oy > Or Əy > Ot tay 
where : io = 1 vk 
, Ág = af Xgðr, 


with similar expressions for the others. 
Since Z, = 0, we can valle ad and Filon, 1981, p 127) 


Xe (2. Sr (16a) 


Lu 
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y Qí((0u E 8v 
Y = þad m 
y=A ( *&y #24 5 | (16b) 
Xy = TE (16c) 


ðs Oy `} 
where A’ = 2ap/ (A+ 2p). : 

„The first two equations of (15) and the equations (16) are of the same form as those 
m a plane. sirain problem, with this difference that A 18 replaced by A’. Then wé 
can write 


2. 2. 20 l Í 

mE at X = ex Y. = öx. X =- [1 7 

s p ^ By? C7 89m 7 y i 
where 7 vx =0. (18) 


If we consider flexural actions, we have to introduce, in addition to the equations 
(15), the equations satisfied by flexural couples. We replace the equations (l5) by the 
equations of equilibrium of a plate in terms of stress-resultants and stress-couples, 
which are (Love, 1927, p. 458) 


OT, i 98, aT ON," N 
- Ia 2 = 14 — á , 
» y : Sy 0, eet Oy i 09) 
and : 
6H, 0G, 6G, ƏH 
221203 N, m, Maa ay —4 (20) 
oz Oy C Oe Oy ^"! ^ : 


where 
= n= f X daas OK T, = Í Ys = 247, N, = f Xda = 2hX,, 


ah 


A A 
N, =f Ysde = Y, 8, = / Kirai His f aXyls, 


-À —k -h 


k h 
G4, = Í gÁ,da, 8, = f 2Y,dz. 
—h -h 

The equations (19) and (20) divide themselves into two groups, one containing 
T, T, S, and the other, N,, Nj, Gi Ga, H,. The first group corresponds to the 
stretching of the plate by forces on its rim, such ihat the resultant traction on a 
generator of the rim is a single force in the middle plane of the plate. The second 
group corresponds to the flexure of the plate by forces on its rim, such that tractions 
on a generator of the rim reduce to a force acting ab & point of the edge-line normal 
to the middle plane of the plate and a couple. 

Filon restricts himself to the stretching of the plate by forces in its plane. He 
claims that the generalized plane stress gives a.more general distribution of stress 
within the plate than is given by plane stress. The stress-couples vanish in this case, 
and the stress-resultants per unit length of the edge-line are given by 
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ay oy 

= hl BIX m3 Á — 

T=32 {i à n cuam 9X. (21a) 
= Sx Oy Ox 

S ah {im ( 2 By? — (l?—m?) ex). (21b) 

N=0, . (210) 


where x satisfies the equation (18). 

These formulae are of sufficient generality to satisfy arbitrarily prescribed values 
of T, 8 on the edge-line of the plate. Filon claims that we get, in this way, the average 
stresses Xz, Y, X, and the average displacements u, v from the equations (16) and 
(17), with assumptions which are less stringent than those in the case of plane 
stress. We do not require that X; Y, should vanish throughout the plate, as in the 
state of plane stress, but that they should vanish only on the faces s = +h. 

If we restrict ourselves to flexural actions only, we can find (Love, 1927, p. 478) 
an exact solution of the equations (1), (6) and (14) which satisfies the boundary 
conditions (2) and gives T, = T, = S, =0. The expressions for the stress-resultant N 
and the stress couples G, H are sufficiently géneral to admit of arbitrarily prescribed 
values of G, N-(3H/ðs) on the edge-line, 


COMPARISON BETWEEN THE STATE OF PLANE STRESS AND A STATE OF 
GENERALIZED PLANE STRESS 


Lel us first consider the stretching of the plate by forces in its plane. Let. the 
stress-resultants T, S per unit length of the edge-line of the plate be prescribed arbitrarily, 
and let the stress-remultant N and the stress-coupies G, H vanish on that line. Then 
the average stresses Ae, Y, X, and the average displacements u, v have the same 
-values, both in the state of plane stress and in the state of generalized plane stress. But 
Filon claims that the distribution of stresses in the plate is more general in a state of 
generalized plane stress than in the state of plane stress. He tries to obtain & solution 
of the problem in which Z, = 0 identically, and X, = Y, = 0 on the faces g = +h, but the 
solution he actually obtains gives X, = Y, = 0 identically. Coker and Filon (1981, p. 184) 
remark that ‘‘... this is only one of many solutions which make Z,-:0 throughout. 
The others do not make X, Y, vanish identically." Southwell (1936, pp. 201-15) has 
obtained the most general solution of the equations (1) and (14) which satisfies the com- 


patibility conditions (0). In this paper, he remarks (p. 204) that '*...it seems to me, 
the generality of those other solutions is the real question at issue," From his analysis, 
he concludes (pp. 205-6) that ‘‘. . . theless stringent assumptions of generalized plane 


stress give its solution for flexural actions ... the same degree of generality as is 
possessed, for actions which leave the middle surface plane, by the ordinary theory of 
plane stress. No wider application is forthcoming in reapect of actions of the latter 


(extensional) kind,” 


16- : 8, GHOSH 


Let us examine the problem more carefully. When we determine the average 
stresses X, Y, Xy, and the average displacements u, v from the equations (16), (17) 
and (18) and the prescribed values of T, S as given by (21a) and (21b), we do not prove 
the existence of a solution of the problem (with which we start) in which Z, is identically 
zero, while X,, Y, are not. What we really prove is that, if such a solution correspond- 
mg to a state of generalized plane stress exists, then this solution gives the same average 
values Xs, Y, Xy, 1, v as those given.by (16), (17), (18), (21a) and (21b). The equa- 
tions (17) are obtained from -the first two equations of (15) which, in their turn, are 
obtained from the first two equations of (1). The equation (18) is obtained from the 
equations (17), the stress-strain relations (4) and only one of the compatibility equa- 
tions (5), viz., 

Oene y Ot. Boy (29) 
Oy? r? Ody ý 

Thus, it appears that the average stresses which we obtain in the problem of 
generahzed plane stress are the average values of stresses satisfying tho first two 
equations of (1), the equations (2), (4), (14) and (22), subject to the condition that T, S 
calculated from these stresses are prescribed on the edge-line Since we have not shown 
that the solution from which we calculate the averages, satisfies the third equation of (1) 
and the remaining five compatibility equations (5), we cannot conclude that such a 
system is physically possible in a plate. Only when X, = Y, = 0 identically in addition 
to Z, = 0, we have proved that the relevant equations are all satisfied, and the average 
values Xz, Yy, X, u, v which we get are the average values of Xz, Yy, Xy, u, v in the 
state of plane stress of the plate. As Filon defines a state of generalized plane stress to 
be given by an exact solution of the equations (1), (6), (14) and the condition that X,, Y, 
are nob identically zero, we cannot assert that a state of generalized plane stress, distinct 
from the state of plane stress, is possible in the plate. To be convinced of the existence 
oi such a solution, we must obtain at least one solution in which X;, Y, are not identically 
Zero. 


Let us next suppose that T, S vanish on the edge-line and that N, G, H are srbi- 
trarily prescribed on that line. Then we have seen that a state of plane stress is 
impossible in the plate, unless N = 0 and G, 3H/ðs are suitably distributed along the 
edge-lme (Love, 1927, p. 471). It has also been shown (Love, 1927, p. 478) that, in this 
case, gn exact solution of the fundamental equations can be obtained, so that a general- 
ized plane stress is always possible. 


Thus, when the middle plane of the plate is bent, a state of generalized plane stress 
is always possible, while a state of plane stress is possible uader exceptional ciroum- 
stances; but when the plate is stretched by forces in its plane, a state of plane stress is 
always possible, while the existence of a state of generalized plane stress has not been 
proved. 
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AVERAGH STRESSES AND DISPLAOEMBNTS IN A PLATE 
-Restricting ourselves to the stretching of the plate by forces in 10s plane, we have 
8X, , OX 8X, , OY, 
Ods Oyn 9, Ci 9^1 e 0, 23) 
oe ye ay | 
subject to the conditions A 
IX, + mX, = Xy IX, + mY, = Ys (24) 


on the rim of the plate. 


The average values of Gws, éyy, Cey in terms of average stresses are determined 
from the equations (4) and are given by 


Bö = X,o-oY,—oE, ` (25a) 
Bé, = Y,- cZ,— cx, (25b) 
Els, = 2(L-+0)Xy. l (250) 


The only equation of (5) which, on averaging, does not involve the surface values 
of derivatives of strain components, is the equation (22). From this equation, we get 


Amm = Ua. (28) 





The equations (28), give 


x, = 93, Y, = 8X, X, =- Ex. (27) 


Calculating ms, éyy, ey irom the equations (25) and (27) and substituting in (26), 
we get 


VX = Við (28) 
This equation has been obtained by Green (1945, p. 226). 


To obtain the average displacements u, v, we have 


ES --( +0) 2X4 VX- oZy, (29a) 
Qv Oy a. 
EP =-(+0) 2X49, x-eZ,, (20b) 
8v Qul... Sk. 
Ti =) = 2110) 2X (290) 


The equation (28) shows that 


E= Vix- o (30) 
$—1615P—1 ‘ 
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M 


18 a plane harmonic function, go that we consider it to be the real part of an analytic 
function f 


tin = f(2) f (81) 

of the complex variable Z = æ+iy. Let us consider the analytic function 

Z 
F+iG = / (eyda. (82) 
Zo | 
Then ` 

etin = f) = 2, F +i) = F i108. : (88) 
Since oF að ag 2 9F : T 


9v ex 6G 
Ex =-(1 OX4 OF 
Sy ELM. 


v 3u > 2y „OF 0G 

(5 +) LEV X 4 90. 

| 8r By) POF) Seay * ay * Be 
the term OF /Qy+6G/de which is added to the last equation being zero. Hence we get 
for the average displacements 


Hi (140) X+F, Bi = (+0) X44. (85) 


ESA 1 
Formulae for displacements, when Z,isa plane harmonie funetion, have been given 
by Green (1945, p. 226). 

Thus, unless we know the average value of Z, we cannot determine in this manner 
the average stresses Xz, Yy, X, and the average displacements u, v. Various assump- 
tions can be made about Z,, and for each such assumption X,, Y,, Xy, u, v are uniquely 
determined. But it must be observed that it is very doubtful whether these average 
values are the average values of actual stresses and displacements in the plate, when 
it is stretched by forces 1n its plane. : 

(1) If we take Z, = 0, then Z, — 0. This is the case of plane stress or generalized 
plane stress according as X, Y, are identically zero or not. We have already seen that 
a state of plane stress is always possible, but the' existence of a state of generalized plane 
stress appears probable, but remains to be proved, 2 

(2) If we take Z, = 0, we get the same average stresses Xe, Yy, X, and-the same 


average displacements u, v as in the case of plane stress or generalized plane stress 
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(Trefftz, 1928, p. 112, and Southwell, 1936, p. 208, foot note). Bub the question 
remains unsettled whether such a state of stress is possible or not. — ` 


(8) If we take Z, to bea plane harmonic function, we get the same average stresses 
Xe, Y, Ay as in cases (1) and (2), but different average displacements u, v. This has 
been pointed out by Green (1945, p. 226), The validity of such a state of stress remains 
to be examined. ` 

(4) If we take any other plausible value of Z,, we get average stresses Xz, Yy, X, 
and average displacements u, v different from those in cases (1), (2) and (8). But to 


determine a plausible value of Z, which will lead lo a physically possible state of stress 
in the plate is a very difficult question. 


To determine the plausibility of a value of Z, we observe that 
vé, = 0. (36) 


From the theory of partial differential equations, we know that every solution of (86) 
can be expressed in any one of the forms 


fitefs, ht, fo] f fits (f = æð y? +27) 
where f,, f, are harmonie functions, When 2Z,=f,, 


uou 





ViZst = 0, 


which gives on averaging 


; ez) -(22) 7 
i Vi (Sa sah \ Oz /ss-À 


The equations (1c) and (2) show that 02,/02 vanishes on # = +h. Then the above equa- 
tion shows that, when Z, = f,, Z, is a plane harmonie function, Hence, in the general 
case, we can write 


Z, = e(z, y) tý{z, y) (87) 


where ¢(z, y) is a plane harmonic function and y(z, y) the average value of the product 
of a harmonic function by æ or y or g or 7. 


We see that in the problem of the determination of average stresses and displace- 
menis in a plate stretched by forces in its plane, a difficulty arises, viz., that the equa- 
tions involve Z, which is unknown. For a solution of the problem, we are forced to 
make some plausible assumption about Za and the solution so obtafned gives the average 
stresses and displacements in the plate, provided an exact solution of the fundamental 
equations exists which satisfies this assumption. In the case of plane stress (X; = Y, 
= Z; = 0) we know that an exact solution exists and we can say, in this case, that the : 
average stresses and displacements found on this assumption, are the average values of 
actual stresses and displacements in the plate. When a very thin plate, with its plane 
faces free from tractions, is stretched by forces in its plane, Xs, Yp Zs, are so small thal 
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they can be neglected. In such a case, the average stresses and displacementa in the 
plate are approximately given by the solution obtained. 
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SOLUTION OF A DIOPHANTINE SYSTEM 
: PROPOSED BY BHASKARA 


By 
D. H. Ports 


(Communicated by the Secretary—Received February 8, 1946) 


t - 


1. In the 12th century Bhaskara’ proposed the following problem: To find. pairs 
of integers, (x ; y), such that z—y is a square and z?--y? is a cube. He gave two. 
numerieal solutions, namely (100; 75) and (17, 661 ; 16, 820). In this paper other 
numerical solutions aye obtained and general formulas are given which may be used to 
obtain an infinity of solutions. 

- The essential problem is to solve the diophantine system: 
sity gn, p WD 
g-—yzÓ. (2) 
The complete solution? of (1) can be obtained, but 1t involves ioo many parameters to be 
handled with facility in imposing condition (2). Two sets of solutions of (1) will be 
considered here. : 

2. The first solution of (1) which we shall consider is 


z = r7 — Bre’, `> (8) 
i y = Bre — 8. (4) 
Imposing the condition (2) gives 
T? - Bra? —Br?a + 8° = P (5) 
which has the solution? . 
r = ut + Ou*v? + Buv? -- 21v*, (6) 
8 = —áv(u*-Bu?v —Buv* —v?). : (7) 


8. Equation (5) may be factored, 
(rt 8)(r* — Are - 8?) = t. 
1 Algebra, with arithmetic and mensuration, from the Sanskrit of Brahmagupta and Bhaskara. 
Translation by Henry Thomas Colebrooke, London, 1817. 
? g34-y! = að has the complete solution 
e = (m+n?) l imr ns) (pl — qt) +2(ms—nr) pq] 
y = non?) [9qmrd- n5) pq — (ms — n7) (p — gh), ust 
a = (rðr) P 
where pl-t-q? = 44-38, 
8 8447%s+brst+ost = g? bas the solution 
Cr = ui—2butot+8cuo3 +ib? — 4acjod, 
8 =—4p(uð—auðo}bun?— ov?). 
A, M. Legendre, Theorie des nombres, 1808, p. 189, See Dickson, History of the theory of numbers, 
1980, vol. 8, p. 670. : . 
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This last equation has ihe complete solution“ 
r+3 = ab?, 
T — Ara +3? = ac’. 


^ 


For simplicity we shall fake the special case a — 1. Then the second of these becomes 


] T! —4r8 4 8* = cd; 
which has the solutions 


2. 0T—q-p, i (8) 
s = 2p(q—2p). . (9) 
Imposing the condition r-- 8 = b? gives | 
g'-5p42ppg-b*; —— MEE 
which has the solution? ; 
q — ut 5v, 
p-9w(urv) ~ 


Substitution of these in (8), (9) gives 
T = ut + Buw? — Suv? --21v*, 
8 = 40(u> -3u?n — Buv? +05), 

which are essentially the same as the values given in equations (0) and (7). 


4. Another solution of z?-- y? = 8? is 
Í z= 1(r?+8*), 
y = s(P +8’). 
Imposing the condition z—9 = t? gives 

(r—&y(r*-- 87) = t, 
which has the complete solution“ 
. r—s = kb’, 
487 = ke}, 


The second of these has a solution“ only when k is of the form k = m° +n’. 
For k = 1, this equation becomes 
+3? = 62, 


5 gy = 2? hes the complete solotion 
z=af, y-ag', s afg, 
where (f, g) - 1. 
6 aH byl--day = #7 has the solution 
a= @—bpl, y = dp?+2pq. 
A. Desboves, Not. Ann. Math., (2) 18 (1879) p. 269 ; (8) 6 (1886) pp. 226-33. Bee Dikson, ibid, 
vol. 2, p. 408. 
6 ag! = esi is not solvable unless c = m-tni. 
Bee Dickson, ibid, vol. 2, p. 408. 
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which has the complete solution? 


r = 2pqu, d (10) 
s—w(p-g). —— (11) 
Imposing the condition r—8 = b? gives 
i l Spqw —wp! wg =b. . 2) 


Hence b? = wv, and therefore“ 
b = efg, w =ef, v= eg). 
For e = 1 in the last, (12) becomes 


q*-2pg—p' —g', 

which has the solution“ 

q = v rv, 

p = 2v(u- v). 
Substituting these in (10), (11) we get 

r = 4v(u +v) (u? + v*?)f*, 
8 = [40u 4- v)! — (u* + 0°)? If. 

Now if (=; y) is any solution of (1), (2), then (zf* ; yn is s trivially, a solution, Hence 
the factor f* may be discarded : 


r= év(u t v)(u? +), (18) 
: 8 = 4v' (u - v)? — (y? - v?)*, (14) 
Thus (1), (2) have the solution 
a= or(r e) (15) 
i y = s(P +8), : (18) 


where r, 8 are given by (18), (14). 
5. From equations (8), (4), (6) and (7) we find the following numerical solutions. - * 
(a) u=0, v=0 


z = 8258 a? +y? = (457)? 
y = 5228 æ-y = (65)? 
(b) u= -1, v=0 
z = —7860 z? y? = (656)? 
y = —15, 104 z—y = (89) 
() u=2, v=1 
æ = —108, 091 z? +y? = (8633)? 
y = —784, 816 a—y = (785)? - 


7 gity% = Á has the complete aolution 
am Qpgt, y i(pl-g*?), s = t(p?+q%). 
Bee Dickeon, ibid, vol. 2, p. 169. 
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(d) u-1, v=2 
æ = 62, 975, 225 2? 4 y? = (191, 441)? 
y = 55, 230, 186 a—y = (2788)? 


6. Using equations (18), (14), (15) and (16) we find the following numerica 


solutions. 
(a) u=0, v20 


æ = 100 z? +y? = (25)? 
' y = 75 A z-y = (Dy. 
(bt) u= -2, v=1 
z= —16, 820 x+y? = (841) 
= —17, 661 . z—y = (29)? l 
(0 u=1, v=2 : 
æ= 8, 427, 320 — 2! - yf = (28, 561) 
y — 8, 898, 759 æ-y = (169)? 
(d u=-1,0=2 
z= 67, 240 2? y? = (1681)* 
y= —15, 129 z—y = (287): 
(e) u=2, vel 
z = 228, 260 g? +y? = (8721)? 
y = 40, 981 |g—y = (427)? 


The first two are Bhaskara’s-solutions. 
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ON THE DIFFERENTIABILITY OF AN INDEFINITE INTEGRAL.. 


Bv 
P. D. SHUKLA 


t 


` (Communioated by Piof. F. W. Levi— Received January 14, 1946) 


1. Let (z) be any bounded and continuous function of z wilh a discontinuity of 
the second kind at æ=0. Let us consider the indefinite integral 


F(z) = j "f(z) de. NM 
0 
It is a well known problem to investigate the existence of the differential coefficient of 


F(z) at z—0. 
"Thomae (1898), after some wrong guesses, proved that F'(0) exists provided 


h 
Lim / dr TM 
€—0 z 


But it may be pointed out that Thomae's condition* is only sufficient and not necessary.** 
Ganesh Prasad (1924) considered a particular case of f(x), namely 
f(z) = cos (2), 
where y{z) tends to infinity as æ tends to zero. He established that F'(0) exists or not 


according a8 
ylz) P-log(l/2*) or w(z)-$log(1/z*) 
respectively. 


* It is interesting to note that Thomae's result can be looked upon to be a particular case (for 8=1) of a“ 
*more general result proved in another connection by B. N. Prasad (1989, p. 188), namely, if f(x) is integrable 
in 10; 1), one has, when c —> 0, 


F(z) = f flt)dt = Oleð), 


there 8 > 0, such that f AO at exists, 
E 
o 


** Por consider the function : 
fia) = costlog(1/23)]3/Llog(1/23)]*, 
f(z) = 0. 


This function f(z) is continuous at æ = 0; hence F’(0) = 0. But Thomae’s condition is not satisfied, because 
h 
/ fz) de = [—sin(logL/25) 7 


which does not exist for e—» 0. s 
4—1016P—1 
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In this paper we shall investigate the same problem for any function f(z) as defined 

. above with the only limitation that f(z) 2» 0 for z 2» 0. The necessary and sufficient 

eondition, and three other conditions which are sufficient but not necessary, shall be 
established. Suitable examples shall be constructed to illustrate the various cases. 


2. In a previous paper (Bhukla, 1945) we have established conditions for the 
differentiability of monotone functions at a point. If P(x) is any monotone non-decreasing 
and continuous function of x with P(0) = 0, then we have proved in particular the 
following theorems :— 


Theorem í. The necessary and sufficient condition for the existence of P'(0) 


is that 
Lim LM P(z,) 
r—- Tr 


exists, 


where {æ,} is a sequence of positive values of x converging to sero, such that 


Lim “#4? = 1. 
ro v. 
ConRoLLAny. Tf the above condition is satisfied then 
P,(0) = Lim Pen, 
r—>0 i 
Theorem 2. The necessary and sufficient condition for the existence of P, (0) 
is that * 


Lim P(zy) exists, 


r> Q(z, ) 


where {æ,} is a sequence of positive valuca of x converging to zero auch that 


c 
Lim — =], £i 
r—- Tr 


and where Q(x) is any diffeientiable function of z with 9(0) = 0 and Q.(0) #0. 


Cononrany. If the above condition is satisfied, then 


, P(z,) 
P,(0) = Q;(0). a A a 


Theorem 3. Á sufficient condition for the existence of P,(0) is that 


Lim P(z,) — P(,,) 
ro Tp Trt 





cæista, 


where fæ} is any sequence of positive valucs of x converging to zero such that 
Lim 24 = 1, 
r— Tr 
CoroLLary. If the above theorem is satisfied, then 


P:(0) = Lim Pe) EEr), 
r>% Ly Tri 
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Theorem X. P/(0) exists and equals zero provided 
Lim Plæ,)-P(z,,,) = 0, ! à 
; ; r— Tr 
where {x,} is any sequence of positive values of x converging lo zero such that 
Lim St #0. 
r-—0 v. 
Theorem 8. P(0) exists and cquals aero provided 


Lim P(z,)— Plær,;) = 0, ` . (1) 
. rm Tyri 
where {x,} is any sequence of positive values of x converging to gero such that 


Lim 2141 = 0; (2) 
r—o r 
and provided 
P(æ) — Pre) 
j Tr— Try 
which due to (1) and (2) has necessarily to tend to zero for r—> co, does 80 monotonically. 
: These results have been stated here only for the sake of brevity and convenience. 
For, as will be seen below, the theorems establshed in this paper are easily deducible 
from these results (although they can be proved independentiy as well). 
If ffx) >0, then it is observed that the function 


F(a) = n fle) de 


is a monotone non-decreasing and No function of z with F(0) = 0. Hence we 
can replace the function P(e) there by the function F(z) here in. order to obtain the 
theorems established below. 


NECESSARY AND SUFFICIENT CONDITION 


8. Theorem. The necessary and sufficient condition for the existence of F.(0) 
is that A 
Lim Í f(x) da. E 
~ ro Sy 0 
egists, where {æ,} is a sequence of positive values of x converging to aero such that 


Inm “f+! „1. 
r—- Tr 
This follows from Theorem 1. ae 
8.1. CoroLLary. If the condition of the above theorem 13 satisfied, then from the 
corollary to Theorem 1 it follows that 


= Lim = d 
a JE 
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A 
4. The following is another form of the necessary and sufficient condition : 
Theorem. The necessary and ki condition for the existence of F',(0) is that 


Has al f(z)dz 
Liny T 


exists, where {x,t is a sequence of positive validi of æ converging to aero such that 


ro V. 
and where (x) is any differentiable function of x with ¥(0) = 0 and ,(0, 0. 
This follows from Theorem 2. 
4.1. ConoLLARY,. If the condition of the above theorem is.satisfied then from the 
corollary to Theorem 2 it follows that 


i F, (0) = 440). Lim y al) f(x)da. 


SUFFICIENT CONDITIONS* 


5. In a, problem hke the present one it is the sufficient conditions which are more 
useful, Three such conditions shall, therelore, be established below; and it shall be 
shown that each of them is sufficient and not necessary. 

Theorem. A sufficient condition for the existence of F',(0) is that 


re Tr 
exists, where {æ,} is any sequence of positive values of x converging to zero, such that 


Lim 2 = 1, 
: ræ Tr 
This follows from Theorem 8. 
CoROLLARY. Ti the condition of the above theorem is satisfied, then from the 
corollary to Theorem 8 it follows that 


ryo Te py, | 
5.1. As an application of the above theorem consider the function 
f(z) = | cos (1/2). 


lf we choose the sequence to be the sequence of zeros of cos afe) we have 
v, = 2/(2r+1)r, r = 0, 1,2, B, .... , so that 


Lim #1 = 1, 
re v, 





* For the necessary conditions for the same problem see Shukla, P. D. (1945. 
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Also it can be shown that 


ic r 2/2r+1}r 
ioe A [eos (1/z)| da , 
$ €x : rið) 2 
Lim ——— ——— = Lim = É, 
r-o Er Ep ræ [2/(2r+ 1)r~2/(2r+8)r] T 





For by putting x = 1/t and applying the Mean Value Theorem of the Integral Calculus 
(Pierpont, 1906), we have 


Ar ly 1 rz 4-8x/2 
jp cos (jade = Í cos tdt, ¥<l<3% 
2/(2r+8)r - (rm In) Tr--m;9 


- (-y*! 2 
(rz + lr)? 





so that 


/(8r 10v 
f [cos (1/2) | de 
Lim 2/(ür--3)v — 2 i 
rsæ [2/(2r+1)r] —[2/(2r+8)n] 7 
Thus the condition of $ 5 is satisfied. Consequently F,(0) must exist and be equal 
to2/r. Also | cos (l/z)| being an even function of z, its indefinite integral F(z) is an 
odd function of z, so that F’ (0) also must exist and be equal to 2/7. That is, F'(0) must - 
exist and be equal to 2/7. 
_ For further confirmation of this result it may be noted with interest that the 
differential coefficient F'(0) of the function 


roe (Ies (De 


has already been considered by several writers: before. Denjoy (1915) showed it to be 
2/z; and Ganesh Prasad (1928 a, b) proved independently that F'(0) does exist and is 
equal to 2/7.* 

5.2. That the condition in § 6 is only sufficient and not necessary can be illustrated 
by the following example. 

. In the interval (0, 1) describe a set of points given by x = 1/r,7 = 1, 2, 3, 
Divide each interval [1/(r- 1), 1/7] into two subintervals in the ratio g:g’, so that we m 
the subiotervals [1/(r +1), 1/(r-1)*g/(g-*g)r(r-1)] and [1/(r4-1)-g/(g  g?)r(r 4-1), 
` (1/r)]]. On these subintervals describe the curve y —Í/(z)] where y(x) defines the 
contour of the ellipses described on these subintervals as minor axes with (k+p) and 
(k—p) to be their semi-major axes (k > p)—the semi-major axes are (k+p) on those 
subintervals which are proportional to g, and (k— p) on those which are proportional to g’. 

Obviously this function f(z) is bounded. It is also continuous for all values of z, 
except for z = 0 where it has a discontinuity of the second kind. 








* It may be added thal, Fejér (1925,, obviously being ignorant of Deniop.a result of 1915, asserted in 
another connection that F'(0) can not exist. LE 
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It can be shownt that the integral of f(x) is differentiable at æ = 0 with 
F.(0) = 2Lg (k> p)? + glk v py]. 
3(9+9') 


But the condition of § 5 is not satisfied. For if we choose the sequence {z,} to be 
the sequence of zeros of f(z) we have 





Lim 1/(r+1) 
ym IGF) +g/gtg)r0+l) ^" 
and Lim 1/( (r+ - g/(g  g^)r(r 1) _ 
ro 1/r 
But A 
| fo 


lum e 
rwo rtr 
does not exist ; for from the definition of f(x) itis seen that this limit is (k +p} or (k— p) 
depending on the sequence {z,} approaching the limt zero for r— co. 
6. The following is another sufficient condition. 
Theorem. F,(0) exists and equals zero provided 


r— roð 

where (z,j is any sequence of positive values of x converging to zero such that 
Lim “+! £0. 
ro Ty 
This follows from Theorem 4. 7 

6.1. As an application of this result consider the following example. 

In the interva! (0, 1) desoribe a set of points given by æ = 1/8", r = 0, 1, 2, 8, .... 
Let any one of these intervals, say (1/87*!, 1/8"), be called AB. In the middle of AB 
place a subinterval CD, such that CD = (1/7)(1/8' —1/87*!). On CD as base describe 
an acute angled triangle CED whose height is 1. Then in the interval (1/8"*!, 1/8") 
let a function f(x) be defined by the broken line ACEDB, Let the same be done for 
all values of 7, so that f(r) is completely defined in (0, 1). 

Obviously then f(z) is a bounded function of z. lb is also continuous in (0, 1) 
except at x = 0 where it has a discontinuity of the second kind. a 

Let the sequence {z,} be {1/87} so that 


Lim 9 = = #0. 
to Ty - f 
+ This example has been taken from a paper of Lakshmi Narain (1922 28). The integration image 


found by him there is our ',(0) here, with the only difference that his point of discontinuity æ = w has been 
replaced by æ = 0 here. 
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And from the definition of f(z) we have 


[(zz n ; 
Li Eoi =Li a/20/00/8'-1/87!) _ 0. 
ag AL wx cA 
Thus the condition of § 6 is fulfilled. Hence F,(0) must exist and be equal to zero. 
„That F,(0) exists and equals zero can be proved directly as follows : 
„Choose any æ in (0, 1). It must lie in the intervhl (1/8"*', 1/8*) for some value | 
of 7, Suppose it is so for r = n, i.e., li 








1/85*! — z =< 1/8". 
Then for such an x, because of the monotone character of F(z), we have 
F(a) _ F(1/8") 
ogee 1/g"*! m 
Now : , 
1 y3 5 Hy $ 1 1 $ 1 
F — = = e M ta aaiae a ——— FRI 
(ss) Í fede <=, n a i nt m)B8nitmit s n.8"*! zm pu 
which is equal to 1/2n8?. Thus 
Sas EÐ ee 28 2 
= M 1/89*! us on’ 


which is equal to 0. Hence from (8) it follows that 


z-»0* € 


0, 


i.e., F.(0) exists and equals zero. 

6.2. That the condition given in § 6 is sufficient and not necessary is again proved 
by the same function f(x) defined in § 5.2. For, although F,(0) exists there, yet the 
condition of § 6 is not satisfied. 

7. The following is still another sufficient condition. 

Theorem. F’ (0) exists and equals sero provided 





Lim f(z)de = 0, (4) 


rae Vr«1 J g,4, 
where (z,] is any sequence of positive values of x converging*to gero such that 


ES 


E im m 

D Lim 77120; 
r—»0 Vr 

and provided 


E Ty rti 
which due to (4) and,{5) has necessarily to tend to zero for r — oo, does so monotonically, 
This follows from Theorem 5. 
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7.1. The function f(x) defined below illustrates an application of the above theorem. 

In the interval (0, 1) describe a set of points given by x = e7*€'9,7— 0,1, 2,8,.... 
Let any one of these intervals, say (e-(* 0*9», oet), be called AB, Tn the middle 
of AB place a subinterval CD, such that CD = g7(r*)'(gorirtD — eH m) — je. ena +1)? 
times AB. On CD as minor axis describe a semi-ellipse CED whose major semi-axis 
18 +1, Let a function f(z) be defined by the contour ACEDB. Let the same be done 
for all values of r, so that f(a) is defined for all values of g in (0, 1). 

This function f(z) is a bounded function of x. It is aleo continuous in (0, 1) except 
at = 0 where it has a discontinuity of the second kind. 

If we choose the sequence {z,} to be such that z, = c7€'P, we have 


Lim ZH = 
: T—D 
Also the area of the semi-ellipse with 670+ (g-"**D.—e-0*D(*2) ag minor axis 
. . . . . = 1 i E 
and with 1 as semi-major axis is $se-7*U (e-POD —9o 7 EtDiiÐ) Hence 
mene)” (g-re* D. g-&*DG2)^ 


Lim f{æydæ = Lim =0 


—&r+1)(re 2) 
„roð Trey Y gu, r0 2c 








Thus the condition of $ 7 is satisfied, so that F,(0) must exist and be equal to zero. 

That F,(0) exists and equals zero can be seen directly also. For whatever be c 
in (0, 1), it must be in one of the intervals (e-(**D9*9, g7*0*0), Suppose it lies in 
(e+ 30D, gnnt), Then because of the monotone character of F(z), so longas x 
lies in (e~@#DM+9), g79(*D). we have 


Fe arp) 
B zintin) (8) 





o< EÐ < 
c 


"Now, gt a —(ntm(n+ m+) 


6 
0 g rrmeDoemes) 


mag 


zi r 


- Game)? p—Gem) (ntmeD O p—(ntmt ints 2 
ÞAR 8 ) [c m m e D 1, 


< T gnr’ 5 [ointment = g-nim* Diem] 
2 me 


which is equa! to 


HS grt? aed 


Hence F 
i (e7n&*1) 7 1 
1 HB ogcot1) -not1)*nt1o:r2) 
Lim arara) Lim — c 


58— "oc 
which is = 0. Thus from (6) it follows that 


exists and equals zero, That is, F,(0) exists and equals zero. 
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7.2. To prove that the condition given in § 7 also is sufficient and not necessary, 
consider the function f(z) defined in $ 7.1 with a change in the definition of CD. Let 
now CD be equal to 6~* times AB, i.e., CD = e- (eT 0+D —g-OHV+D) Now, 


y 1 r ars. ne ert eg- enim) i ? 
Lim — ](z)dz = Lim — 50 = ine X 0. 
roe rti S Seay ro , 


Hence the condition of § 7 is not satisfied. But it shall now be shown that FP, (0) 
exists and equals zero. 
: If z is in AB, it must be either in AC, or CD, or DB. Let us consider all the 
three possibilities. 


If æ is in AC, then 


which is _ E 


Hence 


` 


pt 


F(z) = 3 $ eH ROAD (got Pett) _ g—otps rt pty) 


< $r emat Dg (rs Darm) F 


F(x) - fret 1)-(*1)r0i2) 
gero) , 


which tends to zero for ro. Hence Lim [F(z)/x] is zero; for f(x) being always > 0, 


a oF 


this limit can not be negative. 
Similarly if æ is in CD or DB it can be proved that Lim [Fe (z)/z] again equals zero. 


z—0* 


It follows, Í anað: that 


uniquely exists and equals zero. That is, F(0) exists and equals zero. 


Lim P9 
rot € 
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ANHARMONIC PULSATJONS OF A HOMOGENEOUS STAR: 
e EFFECT OF THE RATIO OF SPECIFIC HEATS 


BY 


P. L. BHATNAGAR 
(Communicated by Mr. S. Gupta— Received February 28 1946) 


It is well-known that the -velocity-time curve for the Cepheid’ Variables is not 
. sinusoidal? in fact the time interval between the maximum velocity of approach 
` and the maximum velocity of recession is nearly five times larger than the interval 
between the maximum velocity of recession and the maximum velocity of approach. 
Again the luminosity of the Cepheids is maximum when the velocity of approach is 
maximum. In his George Darwin lecture on the pulsation theory of Cepheid Variables 
Prof. Rosseland (1948) has discarded the assumption of sinuscidal oscillations usually 
made in theoretical investigations and has developed the general theory of anharmonic 
oscillations. The actual application of the Rosseland theory to Cepheids is extremely 
involved mathematically and so far only homogeneous model has been investigated. 
Rosseland's treatment of the homogeneous model was based on an approximation 
which, significantly affects the physical interpretation of the results. As shown in a 
recent paper (1944) the anharmonic pulsations of the homogeneous model can be 
trealed exactly for y= $, y being the ratio of the two specific heats, The present 
paper is a continuation of the one mentioned above and here the anharmonic pulsations 
of a homogeneous model for y = § and lá are considered. These values simplify the | 
integration of the equation of motion. 


1. Let r, p, p, T and g denote the radius-veotor, density, pressure, temperature 
and gravity of an element in the Lagrangian sense and a, po, Po, T, and g, denote these 
quantities at a given initial time tọ, which is in the sequel identified with the instant 
when the pulsation velocity is maximum, it being directed outwards. For a homogeneous 
star pulsating in the fundamental mode the displacement at any point a is given by 


t-a = ang, (1) 


where q is a constant and q a function of time only. For homogeneous model 








1 GM a? m 
Po = à Po R ( CR (2) 
and i 
GM 
Jo md Bi ^ (8) 


where M is the mass of the star and R its radius at time ty. 


- 
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The kinetic energy W',(t) of radial oscillation is 


R . 
Wi) = 4 / Anü'pda.a*y*q? = $M R^? 9? (4) 
0 
and the work W,(t) done against gravitation, measured from the state at time t,, is 
8 GM* [ aM ] 
w= 9 Mf i 


Further the thermal energy W,(t) measured again from the state at time t, is 


R 
W,(t) = / es (T — T, )4natp,da, 
0 : ` 
where c, 18 the constant . volume specific heat per unió mass. Substituting the perfect 
gas equation 


P = o(y-I)pfT 
and the adiabatic relation P. (2 ye 1 l 
Po Po (1 +79)” 
where y is the ratio of specific heats, we oblain using (2) ° 
l 1 GM? il 1 | 
W,= > -- | -— > -! I 6 
= ag- R deg " 


Adding (4), (5) and (6), we have for the total energy W, which does not vary 
with time , 





° GM 1 GM 1 1 ‘ 
w= um [we Mh a 
SMIP [yt ial BGT Á 
It is, convenient to introduce a new variable a(t), where Re represents the 
displacement at the surface at time t, so that from (1) A 
= ng, (8) , 
Introducing this variable in, (7), we get 


-dum [e+ m ;U-nz uz TEST ncs -8 aj (9) 


Let z, and z, represent respectively the ‘out-side’ and the ‘inside’ amplitudes of 
oscillation, ‘i.e, the stellar radius oscillates between E(1--z,) and R(1—2,). Let P denote 
the period, #,, the part of P during which the radius of the star 18 greater than R and 1,, 
the part of P during which the radius is less than E. The ‘skewness’ 6 of oscillation is 
defined by 

d= tfta 7 

The equation (9) can.be written as 


2 2 1 ] 


uos [-4+ Z 86-1 gl (10) 
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where 
faite, efs M 
a 4 39-0 ja] 
8fy—1) W 


(-W,) being the total energy of the static configuration of radius R. Differentiation 
of (10) with respect to time gives the equation of motion 
oe 1 1 
Emo [ars al (11) 
2. We shall now consider the equation (10) for some values of y. 
CASE I, y 8: l 


„mt 
T, (lt 22,)9? ? 1-22, 





zítz), (L+z,)° [: i71. 71 | 
1422, (14+22,)8? iod 1tz, 


Talte) (+z)? [3 - A v, ] 
1t22,  (149z,98|9 9m 














When æ, is small 


P~ = (1+ 92,7), 2, ~ ©, (1-22. 
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. CASE II. y - 8: Fory= à, the equation (10) becomes 


"A PNE 
| d $m 


5 aol tiim = 2 ee 
o, [APRESA c, y (QE 
where? i 
Q(y) = —4y *2y-$ 
and y = J£. 


Let y, and y, (y, > y) be the positive roots of Q(y) = 0, then 


4 Yı ydy ` 2 Lii pg) 9 (^ dy 
P = — jl y BAQ} +2 tt = 
oid VOW) sali" veu] NC iJ, v WUNI 








ES 1 AER] yi Ys" p - nca) 
o A9 {yaly + 2y) P? 2 tyly, + 22) Yi 


ES HE Ys Yo" * 
8 2' gi + ys) : 
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- 





acd sa 
n v0 AB 
and 
where 
A 


and 


When z, is small 
Pe 


CASE III. y= M: 


or 


di = 


where 


and y = £f. 





8 1 [ ( { yi -y My ) 
nl (6, 3 sod Ma 
As [y (y, + 2y2) E nM y yi(y,+ 2) - yi 


rs) nans ny] 


P-t, 


1 


t= P-t, Be 


` (By, —2) "mn ae ;] i 
e$ ogg = Aft 
ay ^ ^ n- -8 


i 
tan 9 = - [2 iu] 
Ya y,-1 


Loud cas =, V2 (288,7), Ta ~ c,(1— iz). 


For y = Jj the equation (10) becomes 


1 gae 8 ytdy 
o, [AEP + 260— SPR v VQ) 


Q(y) = —Ay**2y-8 


Let y, and y (y; > Ya) be the real positive roots of Qly) = 0, then 


=> o ve) UN cU. 8 E ` 


p ¥ OW) 


_ 12 (p—qaB 





„vel a p VOW) 





re TE) 1- Ea) G- ars EÐ 





= 86 ytdy - 
ah v Qi) 


— 8 (p—q)eB 


a AV Q(p) y (a B) 


and 


Aa a? xx GrH 1- a) d-9P : iid 


)| 
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- 


` 





where ' i 
4y, -8 2, — 391° s cliche 
A 1 5s + =a) i hire 
By,“ Pl Al EE e M yet 
4 


, 


í T 


adis (y, p)(P—93). 
(y, —4)(y. — q) 


2 = [Pta (Y + ya)}? + Fy, +Y) yya = Í pal = cog“!t 
B 1 à i >, t ; 0 = cos™ t. 
{q+ (1+ ya}? + OAE « 1-g 


When z, is small l 


+ yy? ] 


p—q = |3(y,+y,)?—4y,2 
p-a [so Ys)? — 4939 ETF 


P~ A V3.(1+8§2,?), a, ~ m, (1 Mf). 
1 


CASE IV. y — $: For y = 4, equations (10) and (11) give 
@ x — Åg,’ = — vo 


and f ae t 


In this case no osclllstory motion is possible and the star is in neutral equilibrium. 
In the following numerical calculations z, has been taken equal to }. 





P 





z EI $ 
Y a Baje) 
$= 1°67 0'100 1:019 138 
8 = 150 0:102 1'486 1'29 
iy = 144 0°108 1:757 1:25 





4, 8. For a given outside amplitude, as y decreases, P and z, increase but $ decreases. 
By suitably choosing y, for a given outside amplitude, the difference bebween the 
observed period of a star and theoretically caleulated period on the basis of homogeneous 
model can be made to vanish. But as we decrease y. 8 also decreases and hence 
the skewness remains unexplained. ~ 

DEPARTMENT OF MATHEMATIOS, 


Sr. STEPHEN’S COLLEGE, 
DELNI 


References 


Bhatnagar, P. L. and Kothau, D. 8., (1944), Monthiy Notices R. A. S., 104, 292 296. 
Rosseland, 8., (1948), Monthly Notices R. A. S , 108, 283-248, 


FINITE STRAIN IN AELOTROPIC ELASTIC BODIES—II 


By 
B. R. SETH 


(Received January 14, 1946) 


In Part I (Seth, 1945) we have developed the theory of finite strain in aelotropic 
elastic bodies and have applied it to the cases of uniform tension, hydrostatic pressure 
and a rectangular plate bent by terminal couples, In this paper the theory has 
been extended to the following cases : i 


1. Torsion of a circular oylinder. 


. 


2. Á spherical shell under uniform normal traction. 


8. A cylindrical shell under uniform normal traction. 


1l. TORSION OF A CIROULAR OYLINDER 


We assume that the aelotropy is of the hexagonal or rhombohedral type in which 
the elastic constants are connected by the relation C1, = c,, — 2094. 


y 





£ 


FIG. 1 


Let the cylinder be subjected to a finite bwist r. From considerations of symmetry 
we can tuke the cross-sections to remain plain and the straight radii to remain 
straight (Fig. 1). The components of displacement are now seen to be 


u = æ(1—ẹß cos 7#)— yf sin ve, f (1.1) 
v= y(1— B eos v2)-r zB sin v2, (1.2) 
w= og, à (1.8) 


where £ is a function of r = (2? y*)* only and « is a constant. 
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The corresponding strain componenis are 


8, = 19) je (n 26e, (2.1) \ 
3, = 4-65 -y(gn +288’), (2.2) 
8, = a- ja? — M*r?r, ` (2.8) 
Oy, = TÉ 2, om =—TH*y, (2.4) 
day = —ay( 6" +288), i (2.5) 25 


where f! = dB/dr. 
In cylindrical co-ordinates the stress-components are 


T = eu [L- E MPB + 2088)] + c (a got Mtr) — ou 1 Bj, (8.1) 
66 = (C11 — 2Cg5) [1 — 81 — 3778 + 27 BB) | + 4, (a — það — 877777) + Cec(1 — 89), (8.2) 
át = c, [1— B* A28" + 27887] cs (a — 40? — 487), (8.3) 
1B — 0, r8 — 0, ĝa = oy rr. (B.4) 
All the body-stress equations are identically satisfied excepting 
orr 


1 — = 
ort |r - 66) = 0, 


which gives ; 
: (2011 + 657797) B? + 0, (8? + 2788") os {Bar =k, ` (4.1) 
k being a constant. . 
Putting : 
` 2Cee[C1 = Co Cif = bo bor? = d, 
we get 


: | (+r (2e p) «e, / ($) a= k,, (4.2) 


which is of the same form as we get in the isotropic case (Seth, 1985). This differential 
equation has been already discussed in detail. Its solution, which is absolutely 
convergent for at least $ «; 1, has been found to be 





= m 6-0, 2. Con 347 | 
B, ai tip pr... |, | (5) 


A, being a constant which is to be determined from the boundary conditions. 
The boundery r — a is free from traction, and hence rr = Üoverr- a. This gives 


(2+ by) - e, —b,(1—«)* = (abo + By)? + B,* (1 — e, barta’), (6) 


where fj, is the value of B over 1 = a. 
The other boundary condition“ shows that the tractions on any cross-section are 


statically equivalent to a single couple whose axis is the 2-axis. 
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Thus 3 E 
ff :dady = 0, [fe d =0, [fe dædy = 0, (7.1) 
: 8 i 
[Jos 28 dedy = 0 fj- - 28 dady = 0. (7.2) 
" 5 


f nr. is =0. | (7.8) 
All the conditions in (7.1) and (7.2) are satisfied excepting (7.3), which gives 


2d, 1—(1—a)! = a J [dr B) + BM dy + rt), : (8) 
0 - 


where d, = c,4/035. 
We see that (6) and (B) are both necessary and sufficient to delermine the unknown 
constante Á, and a. : 


Proceoding as in the isotropie case (Seth, 1935) we get the equation to determine 


A, 88 
2-c,—2b,d, = A, (2— e, —2b,d,) | 1 — Fto vla (1— 130,1, + siae) (9.1) 


or 
Av=1l+Pyotaghg(ltejt7+ .... (9.2) 
For a we get . 
. j bo[1—(1—a@)?] = fto ttot i... f . (9.8) 
or ] 
a = þr... (9.4) 


The toraional couple N is given by 


a 
N = deuar Í Brdr = EE 3 
6 





C" } (10) 


For ins a hexagonal crystal, the constants are 
= 2746, cs, = 2409, Cia = 980, c,, = 674, Ca, = 6686. 

The Jadi Cy, = 006 is less than d for steel, and b, = c,4/c,, = 0.245 is also 
less than that for steel ii we take its Poisson’s ratio as 0.81. Thus the couple 
required to twist a material of the Beryl type through a given angle is less than that 
required for one of steel of the same dimensions. 

For c,, = O(b, = 0) we get the case discussed by Saint-Venant for large torsional 
shifts (Saint-Venant, 1855). 


2. SPHERIOAL SHELL 


We assume there is transverse isotropy about the radius vector. This is a case of 
curvilinear aelotropy discussed by Saint-Venant when the strain is small (Saint- 
Venant, 1865). 


We take the components of displucemedts in spherical polni co-ordinates a8 | 

u, = (T-P); tg = 0, wc 0, m (11) 

where P is a function of r only, “ 
A—1615P--] 
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The strain components are given by 


^ 





ER) 
$c 1-{1 a) Í (12.1) 
m D - 
89 = 845 ib-0-5) |. (12.2) 
7,47 0, 79,7 0, y= 0. | (12.8) 
„The stress-strain relations are of the form 
TT = 08, Cial8g + 85) = Css8r 201389; (13.1) 
óð = $9 = 0,85 (01 —20,,)84 t C438, = 2(c,, — 645)8g t C138 7; (18.2) 
l 69-0, 9520, rb — 0. (18.3) 
All the body-stress equations are identically satisfied excepting 
Orr, 2,— c 
a Tos 80) = 0, 
which gives 
dP) ER (s ön(AB 4P AP 1 P() ta gðn=ta) os á 
(rem dr? T Caa/ N dr > dr 7? T Cay Css Í (14) 
If we asume the relations . 
2011 = Cas + Cis + 2an 
and put á 2 > dP " 
— 23)}= IT me zi 
(3 2) , P dr á (1) 
we geb l l 
(1+ mp Y* 9FV +8 = 0, (16) 


which 18 of the same form as we get in the isotropic case (Sheppherd and Seth, 1980). 
Various cases of thick and thin shells subjected to uniform, but not necessarily equal, 
normal traetions on the inner and outer surfaces can now be discussed. 


2 


B. CYLINDRICAL SHELL 


Assuming that there is symmetry about the z-axis we get the stress-strain relations 
to be of the type 


T= 6118) t (C11 -2058)8g + Cr98z, (17.1) 
66 = (011 —726,,)8,-- 01,89 + 01385, (17.2) 


Wa Cis (8p +89) + Cag8g. ; (17.3) 
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N 


Taking the displacements in cylindrical co-ordinates as 
Ur = r(1-—Q), ug = 0, Us = O8, s (18) 


Q being a function r only, we get ' : r 
if -2Y] 1 
s zih-Q-23y| ; | 00 091) 
EÐ o om 
nl |: (1 xy]. (19.3) 
. _ gy =e det, , (19.8) 


The only body-stress equation which is not.identically satisfied is 


Om. l.— AL 
Or tr 66) = 0, 
which gives 
(e ti (o. CON «Po 09 (20) 
Cy 
Putting 
vx =U, 2+0¢,,/¢,, = 24 
we geb i 
a+ 7920 Sgt 20042 = 0, (21) 


which is of the same form as in the isotropic case. Its solution is 


” G-1 


log Q = VEG e (gn) $ log [(U  G)? 4 2—- G?] +L, (22) 


L being a constant. 


Various cases of thin and thick cylindrical shells subjected to uniform, but not 
necessarily equal normal tractions on the inner and outer surfaces can now be discussed. 
- . 4, CASE OF TRANSVERSE ISOTROPY 


When there is transverse isotropy about the radius vector (Saini-Venant, 1865), 
the stress-strain relations are of the forim 


TT = Cas (89 + 85) + 03487, (28.1) 
i E 60 = C1180 t (01, — 204g) 85 + C158y (28 2) 


aa = (Cir —2044,)85 + C1185 F 0138. (28.8) 


44 b. R. SETH 


The corresponding equation satisfied by Q is of the form 
ji) T9 d, i(s - a (2 oy 8 dQ 
(err at Cis r dr 
1 2 P 1 2 € 
E (1— Q?)(ess — 613) mE 3o*)(03, — 01, + 2044) = O. (24) 


This reduces to an equation of the type given in (20) it æ = 0, and c4, = Caz. 
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ON THE CONCEPT OF GENERALIZED PLANE STRESS 


By 
S. GHOSH 


. (Received March 1, 1946) 


INTRODUCTION 


N 


In_the absence of the knowledge of an exact solution of the equations of equilibrium 
of a plate whose plane faces are free from tractions, practically useful information about 
the state of stross m the plate can be obtained if we can determine the average values 
of the stress components taken over the thickness of the plate. It has been pointed 
out in a recent note (Ghosh, 1916, p. 10) that it is necessary for the determination of 
the average stresses 11 a plate (whose middle plane is taken as the plane # = 0) to know 


beforehand the average value Z, of the stress component Z,. 


Several assumptions can be made about Z,, and the solutions so obtained give the 
average stresses in the plate provided the assumptions are compatible with the funda- 
mental equations of the plate. The simplest assumption that we can make is that of 
plane stress, in which the stress components Xs. Y, Z, are identically zero throughout 
the plate. We know that such a state of stress is possible in a piate of an isotropic 
material, and we get on this assumption the average stresses in the plate when the 
plate is stretched by arbitrary forces in its plane. 

As a previous knowledge of Z, only is required in the TUR problem, Filon 
(1908) has suggested some relaxations of the restrictions imposed in the theory of plane 
stress. He assumes that Z, is identically zero throughout the plate, while X,, Y, are 
not. Buch a state of stress is called by Filon a state of generalized plane stress. Except 
in a particular case of the bending of a plate given by Love (1927, p. 478), it has not 
been shown that a state of generalized plane stress is compatible with the fundamental 
equations of the plate. Southwell (1986, p. 208) has given a solution of the stress 
equations of equilibrium of a plate which also satisfies the conditions of compatibility 
of stresses and the condition Z, = 0, but he has not taken account of the conditions that 
the plane faces of the plate are free from tractions. Assuming such a state ‘of stress 
to be possible, Southwell discusses its claim to greater generality than that of the state 
of plane stress. He arrives at the conclusion that-from the practical point of view, the 
state ot generalized plane stress is more general than the state of plane stress only in 
the case of flexural actions, the generality in the case of extensional actions being of a 


severely restricted type which demand relations between the trdctions X» Y, in on the 
rim of the plate, not likely to be satisfied in practice. 

In the present paper an exact solution of the stress equations of equilibrium has 
been obtained which satisfies the stress compatibility relations as well as the boundary 


^ 
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conditions on the plane faces of the plate, thus proving the possibility of a state of - . 


generalized plane stress in the plate. The appropriate surface tractions which are to be 

applied to the cylindrical edge of the plate to maintain this state of generalized plane 

stress have been caleulated. An examination of the expressions for these surface 

` fractions mainly confirms Southwell's conclusions. They show that the state of genera- 
lized plane stress is really more general than the state of plane stress when the plate 

-is bent by forces acting on its rim. This conclusion has been arrived at by Love 

. (1927, p. 474) by assuming that on the edge of the plate Z, has a parabolie distribution 
and X,, Y, linear distributions with respect to #, but his solution is otherwise sufficiently 
general to admit of the satisfaction of boundary conditions with arbitrarily prescribed 
values of the stress resultants and the stress couples on the edge line of the plate.- These 
expressions for the surface tractions further show that a slight generality in the stress 
system can be introduced both in the extension and in the flexure oi a plate, in that a 
restricted variation of edge-tractions with € can be permitted. 


FUNDAMENTAL EQUATIONS 


Let us consider the equilibrium of a plate of an isotropic material. of thickness 2h, 
stretched and bent by forces applied to its cylindrical edge. „Let us take the middle 
plane of the plate as the plane s = 0. 


When there are no body forces, the stress equations of equilibrium are 





8X, 0X, 0X, _ 1 
8r Oy ^ ða V ve 
OX, , oY, , oY É 

Sey y 2 — 0, 1b 
or 8 (1b) 
9X,, 0Y, 0%, _ 

yd + + S 0. (1e) 


As.the faces 2 = +h of the plate are free from tractions, we have 
X, = Y,—2,-—0, (2) 
when s = +h. If X, Y, Z, are the components of the surface tractions applied to the 
cylindrical edge of the plate, 
Xet mXy = Xp, lXytmY; — Y, [X,+mY, = Z, (8) 


on the edge, where l, m, O are the direction cosınes of tlie normal to it. The stress 
components must also satisfy the compatibility conditions 











xul 89. „il $9. 
V'Xst Dg Sz 0, Ve IY By 0, ka (4a) 
wo 1 99. a 
V Yit is oy 2 0, VUE IT EU , (4b) 


CONCEPT OF GENERALIZED PLANE STRESS 4T 


1 ag 1 98 , me 
27, 1 — — = 0, 4 
Veille D. Wirt (gl 
where i 
. O = Xr+ Y+ Zy (5) 
and satisfies the equation - 
v?8 = 0. (6) 


Li 
METHOD OF DETERMINING THE STRESSES 


Let us try to obtain a solulion of the fundamental equations with the additional 
condition, 


Z, — 0, 3 | (7) 





thrcughout the plate. ‘Subsebuting from (7) in the first equation of ( (o), we ibi 
: . TN 
da — i: 
which gives 
: 0 20,420, (8) 


where ©, and Q, are independeni of s. As © satisfies the equation (6), O, and 898, 
are plane harmonic functions in g, y. 


Substitution from (8) in the equations (4) gives 


























" 1 (oe, þið á 1 30, _ 

VS áp Tix 0, VE or. 0, (9a) 
s 1 ið arð 
VXy+ we (9c) 


the first equation of (4c) having been already disposed of in determining 9. Since 0, 
is a plane harmonic function in z, y, we can write the second equation of (9a) and the 
second equation of (9b) as 


ál g] =o vl Bel =o A 


Putting Z, = 0 in the equation (1e), and remembering that 8, is a plane harmonia 
function in x, y, this equation can be written as 








2Ix,-§ h?— a? Br í fr- h?—z'! 90, |= 1 
öl“ AF) de " * 2ü-cec) oy d wy 
This equation shows that a function 9 of z, y, # exists such that 
h?-2? 90, O6 h?—2? 90 T a 
X.- Q———— Snati Í 
' Wl+e) es Oy 7 Alte) Oy A 
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If we substitute from (12) in (10), we see that 9 satisfies the equations 
98 a 9 2 
A =0, = = 0, 
32 $ By V 
which show that *g is a function of'? alone, P''(g), say. If we put 





noy 18 
? 7 yoe R 
we seg that y satisfies the equation l 
© giy = pim 14 
Gap Y Y = Ple), an 


This equation gives 
. Vj = yE! (g) +F Xy, 2) tF,(s, £) + Fs(z, y). - 

where F,, Fa, F, are arbitrary functions of the arguments involved. Let a particular 

solution of this equation be 


y = zyF (2) tf,(y, 9) + fale, 2) + falz, y). (15) 


It is seen at once that this particular solution does not contribute to the values of Ás, Ys. 
Hence we can take 

V = 0. ae) 

After expressing Xs, Y, in terms of the functions 8, and ý by means of the formulae 


(12) and (13), let us determine suitable expressions for Xz, Yy, Xy From the equations 
(18), (1b), (12) and (18), we get 


t 





El z _ oY a |+ Oy = 
Bal ne Syd? |” By 0, 


ə r ay ] ax 
al tir ita] Ge * 


As Y makes its appearance in these equations through X,, Ys, and as the particular 
solution (15) contributes nothing to X,. Ys, it also contributes nothing to these equations. 


Therefore the relevant part of y which affects these equations is that given by the 
equation (16). These equations show that a function x! of a, y, s exists such that 





Xz = E+ 540, tare f (17a) 

; Fx 8 et 

du uer Ten um 
ou ` f 

Xy, = =L, 17c 

: örðy , 6) 


Substituting from the equations (17) m the first equation of (9a), the first equation 
of (üb! and the equation (9c), and remembering that y is a harmonie function in æ, y, 2, 
and 9,, 9, plane harmonic functions in z, y, we get 
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x: zi nn EE: e]- TN a LO 
nd aal” ETA ito do — 0 $2 
Ram er. NES I R - M auc 
mih TUNE A DM SECTEUR |=o dud 
ð vx ie 1 ae AE ts P rið ert 
v eie Leir tee] = 0. 
n > Eyk: je tee | ina! 
These equations show that _ ut = 
i. Des wee rue eer gts H vb ath hws iV aid, Tr ay ot 
isa a, Anchen. which is linear in 2, ys. Í i z 
s ~ fale) ete) +yitte), 
say. ‘This function contributes to x! a par given by ^. 
sh 
fle) t af ín) t yita 
which oan obviously be omitted without altering. the stresses Xz; Y,, Xy. Hence we 
can write * 
1 8 = - 
z a. oL —— qutm 18 
IR Vx ix? 07 ( 
Since Z, = 0, we have from (5), (17a) and (17b), 
2e e Sy 
xen voee [B 5 
B ary Vi Ime oy? E pinte 
The comparison of this Saup with the equation- (8) shows that 
i » e a? ER 3 19 
Vi; m 9, em [2- Ox? ða? . E f f 3 ) 
Subtracting the equation (19).from the equation (18), wepet ^ 
Oh = neis mp UT UT ay 
Bet a By? Ox? Lda? 2 
Integrating this equation twice with respect ks Z we have NS 
i EDT Wo EE E ae Sho 
l = d 2 Fn Rie 8 . $09 " 
X x cines -— n! p t Sy! Oz? . (21) 


TAM 
where x,, X1 are functions of z, y only. Bubstituting from (21) in (19) and remembering 
that O,, ©, are. plane harmonic functions m £, y, and'y is d harmonic funotion, we get 
ihe equations sutisfied by x, and x,. They are . . : noa o. dd 
wow) debe etas A gun ' - 2o 
xd donà 
Vixo = Oo Vix = 2 “8, ‘ 5 (38) 
l +05 
<U The, function yw appears implicitly ja Xe Fr through the function x’, and also 
explicitly in Xz, Y, as shown by the equations (178) and (17b). Separating the 'tétrhs 
1—1015P—1 


! 
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containing V, we find that V contributes to Xz, Yy, Xy, the parts 
[od ER oye] o | Oy o RA | iom [23- ey] 
Byr Oct Geil’ gly ors Gz? OxdyLdy? Oz 
"T which reduce to 





a 0 1 
Oz Oy" Bray? Oxy Oy? Ox? 
respectively, if we take account of the equation (16). 
Thus we find that if we assume Z, = 0 identically, the five other stress components 
which satisfy the equations (1) and (4) are given by 











Z 37x A m et) 
Xz m I 3 aso" l (28a) 
= Ox, #8 0 42 99 98b 
Vy = St Ie ES (28b) 
_ Ox | oy] ; 
X; = — Á — ; 23c 
' ^ Seay Seðyldyi Bz? na 
h?—2? 36 Oty 
Re Cea eee (28d 
* ^ Q1+c) Ge Oxdy?de 
h'*—:*! 39 ot) 
Y, = E R ; 98 
-= F Gy  Gzioyós (230) 
where 
ið 4l 28, (24) 
i |Do3'Dpro 6 
The functions 8,, €,, V satisfy the equations : 
Við, = 0, vi ,= 9, f vu = 0, (25) 
and the functions xo, x, satisfy the equations 
Vixo = 85 Vix = - 7526. (20) 
+o 


The expressions for the five stress components given in the equations (28) are very. 
convenient for taking into consideration the boundary conditions on the plane faces of 
the plate, 


DETERMINATION OF THE FUNCTION 7 


Let us now introduce the boundary conditions (2) in the equations (28d) und (28e). 
We get ! 
oy. Oty : i : 
m0 =, ) 
O20y*0« Ox'OyOe T 





on the faces # = +h, 
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Let us seek solutions of the equation (16) which satisfy the boundary conditions A 

Expanding y in ids of g, we write 
yo Sher", 
where y, is a function of æ, y only. Then 
nae: 
VY = Í [esa ni Dena] = 0. 
ao 
Equating the coefficient of 2" in this equation to zero, we geb 
Vivant (nz) tars = 0, #50. (28) 


This equation shows that the Y's divide themselves into two groups, the odd y's satis- 
tying the reiations 


Villan) Yini] + n1) 1 ener = 0, nm (23) 
and the even vs satisfying the relations . 
Vi" [(2n —2) ! Yma] + (28) Yon = 0, n Sl, (80) 


where in the case n = 1, we replace 0! by 1. 
Let us first restrict ourselves to the equation (29) and try to satisfy it by 


| ; (2n #1) Waner = f(Qn+1)¥, (81) 
where W is a function of æ, y and is independent of n. Substituting in (20) we get 
s PIRE tog = 
Vi T fan 


In order that 3Y may be independent of n, we must have 


frei n = constant = +k, say. 


This equation shows that we can fice 
f(2n 1) = (x 1)nien*t, 
Viret = 0. 
Taking the plus sign and Posinicting ourselves to the terms with odd powers of s in y, 
we have 


and then 


fant lyent) 


3 Ponsi”! = F nd = V sinh kz, (82) 
and i in, this case W satisfies the Saui ioi 
PK = 0. ^ (88) 
If we take the minus sign and restrict ourselves to terms with odd po wers of z, we have 
> Jag o0 t. oom ean 4251520? — We gin kz, (84) 


x 


and in this case 
g r-k = 0. (85) 
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We. could:have, from the: very beginning, assumed.solutions of.the foris. Pa and! ee 
and then we would have obtained the equations satisfied by Wot oe, UE 
Now, taking into consideration the boundary conditions (27) on the slái faces of the 
plate, we see at once that we will have to’ reject the solution (82) and retain the solution 
(84). Iu this latter case, k must satisfy the equation ' ` 


- eoskh: O77 L T 


This gives . xc: : E. 
us (2m tl i nit 0, 1, 2, in. icd » 
a: < he s 
.lf the, solution. be not of the Yon 91) i.e., if the Búðalfötii (29) do not reduce to: a 
PNE equation, we have from (29), XA 


dni bens Fi: '(-197 2 sg m 
Á — 2 
fen = uE Vi "s "EU MP „ae 99) 


(EF) Restricting ourselves’ to térms with odd powers.of in "i and using the boundary 
conditions (27), we get 


= 
= 





Qus 0] N h hen |y. ov. Ll a t Yu 
i -1 = 0, g 37 
[ #20 DR MEDIA 928y". : en 
SON a ss, hri ies Fy i $ a 21 v. 
ss 1)% 2n i= 
ml P 1». (2n)! ÆI Vi "o or ay 0. (88), 
The series u 
Di Bi. ee "Tr 


is absolutely convergent for all values of h and its sum- is cos h. Thenif 
jd > oy hh = [5c 1" AI 
is (Qn) | 


be its reciprocal series, if is ibadat convergent when |^, <r/2. By ehoosing the 
` unit of length suitably, we can always make: h satisfy this condition. If we therefore 
operate on both sides of the equations (87) and, (38) by the operator, l js 


td a colo 


t n Ab 
1 T >> Can OV an SS 
og ES Een PES 

we get du $ "9, a ON. cd iv. m (89) 

` dray? Iy " "n. 
, : " : Wo, 2 : iy 
The equation (86) then gives CERE ^ Ones = 0. : b 

il woi exoy* PE á ðz*ðy tows Jin A ros 


Iii is seen at once from (28) that Vansi does nob contribute to ihe stresses, Therefore 
without any loss of generality we can take Yim: r = x0 7 : | 


(27 


Hence if we reatrict ourselves to terms with odd powers of 4 in y, we find on using. 
tlie boundary conditions (27) that - 2 
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< . (n+1 
Y = bros sin A RA 


n=] 


where Wyn,, satisfies the equation 


2n + 1s? 
EE M zi: 
Proceeding exactly ın & similar manner with the terms with even powers of s in y, 

we find that if the equations (80) reduce to a single equation, 


nrg 
Y = Fin CoS TORO 


satisfies the equation (16) and the boundary conditions (27), provided 


2 
Vi Vau 





2.2 
Vi Van e Von = 
TE the equations (80) do not reduce toa single equation, we have proceeding as before, 
yy | o a 
— fn 2n 0, 41 
ED Demi V* Jörgga T eu 
b Wm o 2n e = 2 
' [: Ds 1) EiT Vi "Jas; " i $ SH 


We see at once that the series 
: i 7 Tr > d PE e Fas [Ser (- 1)” ne] 
(2n +1)! 


is absolutely convergent when |h |< x. Hence operating on both sides of (41) and (42) 
by the operator : 





14 Í da htm, 
sol 
3 [] = 0, 2 0 ) = 
» M (Se) ya (524, : 


With the help of the equations (80), we find that 


BW 0 Oban 0, 
-mme = U, = 1. 
asy’ ðæ?ðy "= Bað 32 
Thus the terms ýang“" (n = 1) in V do not contribute lo the stresses. Also, as y, is inde- 
pendent of z, it does not contribute to X;, Y, and oan therefore be omitted. 

. Combining the two solutions we have obtained, we see that the solution of the 
equation (16) which satisfies the boundary conditions (27) is given by E 


e 
yes Don cos 25 P2 sin Dt x Dee, (48) 
nm . 
where "m 
B V Em-— r En = 0, mc-0,1,2,... , (44) 


PECES 


4h? 
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TRACTIONS ON THE OYLINDRIOAL EDGE 


Let us now calculate the tractions on the cylindrical.edge of the plate. Lett, m, 0 
be the direction cosines of the out-ward drawn normal to the edge-iine. Calculating the 
tractions from (3) and (28), we find 2 


ax 9X )- ty ey. 9v). l 
-s9x) A A 8,, 
(8x Srey) “Satay? m Oy Ba? ea 





X 


li 


¥ 


LI Ox iine 


e P 
! roy — 02^/  Oz0yNOy Fa? 


tt tm) (t ot — Oty ) 
oy aray M Saye 





il 


oy - 9) at) m 
-12 (Y tim tipo Or 





Z, = 
d 2(l4- o) 


Using the equation (16), we write 














x, = (84 mg) -a(i e T us, eu d 

^s (23 Many) A GeOy ^ 52509 'P Sy lec 

; ex ex) ( Oy aty Í m 

= -1X — LOY 

9 (æð A sr Doy) rnm Beyor 110“ o" 
h?— a? (,38 86.) ( ay a'y ) 

gx 198; i32 

, ades ae” By Srðyiða ^ Barðyða 


Let us measure the arc 8 of the edge-line in such a sense that the rotation from the 
tangent to the edge-line in the direction s increasing to the inward-drawn normal to it 
has the same sense as that of the rotation from oz tooy Then 


= dy .de 

l= ds m = T 
and therefore 8 e 9.9 
= Oy Or O8 


Let ®, be the complex conjugate of @,, so that 
98, 05, 30, 04, 


' l Sz dy’ Oy Orc 





Then we have 
- 198, 4,90; = ios nbi, = 99, . 
Ox Oy oy Ox ds 
The tractions on the cylindrical edge are therefore, 
= Afa ee : 
2: Aasl3y | Oc?Oy Th ls post (404) 
e 9 Oy :|- Pe 00 ÆR aty Q8 s 45b 
% as ga Oroy'l Gryz? 1 poe (43b) 


ep Oy h-z : l 
alaaa "EI (90) 


y, as 


. 
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Substituting from (48) in (45), we get 
x 3 [x-2 cn ee EDS EIE sin Bum] 
































” Deloy — Z0c!0y 2h 
Y,- EXE 2 S xt cos 172 € Panes ein 2” anaie] 
(3. SE cos MEE 4 E +1 NET sin Grrr) qose. (465) 
= al "nw ipa eg Deren] M OD, qns 


DISCUSSION OF THE RESULTS 


We have obtained an exact solution of the equations (1) and (4) which satisfies the 
boundary conditions ey n in which Z, is identically zero. This solution is given by 
the equations (28), (24), (25) and (20). It proves the possibility of a state of generalized 
plane stress in a plate a an isotropic material whose plane faces are free from tractions. 
The equations (46) give the most general values of the tractions which,are to be applied 
to the cylindrical edge of the Plate in order to maintain a state of generalized plane 
stress in it. ý 

The state of plane stress in the plate is obtained from the state of generalized plane 
stress by putting Yn = 0, V,,,, = 0, and 8, = £, where £ is a constant. This shows 
that the assumption of a state of generalized plane stress instead of one of plane stress 
increases the generality of the solution by introducing a. harmonic function x^ (or what 
is the same, the functions V,, satisfying (44)) and a plane harmonic function 9,. 

The stress system depends on the functions Xos Xo Oo, O, and y. The function x, 
is an unrestricted plane biharmonic function in z, y, both in the state of plane stress and 
in the state of generalized plane stress. This function contributes to X,, Y, but not to Z,. 
Therefore, as far as terms independent of g are concerned, x, places no restriction on 
X, Y, but gives Z, = 0; only as x, determines ©, suitable terms of the order a? are 
to be associated with X,, Y,. _ 

The function x, is an unrestricted plans biharmonic function in z, y, in the state 
of generalized plane stress, but in the state of plane stress its plane harmonic part is 
only unrestricted while the other part is of the form }f(x7+y*). As x, determines 6,, 
suitable terms of the orders z and 2° are to be associated with X,, Y, and suitable terms 
independent of z and of the order 8? are to be associated with Z,. 

Thus, as far as terms corresponding to x,,' O, are concerned, no greater generality is 
introduced in our solution by assuming a state of generalized plane stress than is present 
in a state of plane stress. These terms correspond to the stretching of the plate by forces 
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in its plane. Ag far as terms corresponding to x, and @, are concerned, the solution for 
generalized plane stress is „certainly more general than that for plane stress. But as 
these terms determine 9, and therefore ®,, they introduce appropriate tractions Z,. The 
terms in y,, 9, correspond to the bending of the plate. 

The function y is a harmonic “function given by the equations (43) and (44). It 
introduces terms in sin (nz2/h) and cos ((2n -- 1)r2/(2h)] in Z,, and terms in cos (naz/h) 
and sin{(2n+1)ra/(2h)} in X,, Y,. These terins slightly increase the generality of our 
solution in that they permit variations in X,, Y,, Z, with 2. But when we prescribe the 
terms in Z, corresponding to sin (nz2/k) and cos ((2n - 1) 2] (2h)), the terms in X,, Y, 

"depending on cos (nma/h) and sin ((2n + 1)mz/(2h)} are no longer at our disposal. 
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CALCUTTA MATHEMATICAL SOCIETY . 


- Report of the Council for the year 1945 to the Annual General Mieeitng 
of the Calcutta Mathematical Society 


The Council of the Calcutta Mathematical Society bave the pleasure to submit. the 
following report on the, genera! concerns of the Society for the year 1945, as required by 
the provisiong of Rule 25. 

The Council: —The Council of the Society for the year 1945 consisting of the officers 
and members elected at the last Annual General Meeting together with the Editorial 
Secretary, was constituted as follows :— 


President 
Prof. N. R. Sen 


Vice-Presidents 


Prof. F. W. Levi, Prof. M. R. Siddigi, 
Dr. C. N. Srinivasienger, Prof, A. C. Banerjee, 
Dr. R. N. Sen 
Treasurer 


Mr. 8. C. Ghosh 
Secretary, 


Dr. S. K. Chakrabarty (upto March, 1945) 
Mr, U, R, Burman (from April, 1945) 


Editorial Secretary 
Mr. 8, Gupta 
Other Members of the Council 


Mr. B. M. Sen, Prof. V. V. Narlikar Mr. B. B. Sen 

Prof. M. N. Saha Mr. N. N. Ghosh Dr. 8. Ghosh 

Dr: 8. S. Pillai Prot. C. V. H. Rao Mr. B. C. Chatterjee. 
Dr. 8. R. Sen Gupta Prof. N. M. Basu Mr. P. K. Ghosh 


(Assistant Secretary) 


The Council have been unfortunate in losing the services in the early part of the year 
- of its Secretary Dr. S. K, Chakrabarty whose appointment in the Indian Meteorological 
Service has necessitated his stay outside Calcutta, During the long period of his 
association with the Society as its Secretary, Dr. Chakrabarty.has rendered the most 
generous services, which the council deeply appreciate with grateful thanks. 
8—1615P—1 
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General :—The various activities of the Society have been carried on throughout 
the year in accordance with the usual wartime arrangements. With the prospect of 
early return to normal conditions, the Society can look forward to the gradual revival 
of the normal activities, specially tho holding of symposiums from time to time on 
various branches of Mathematics. 

Membership:—The council record with regret the death of the following two 
members, their deaths occuring in 1944. 


*Prof. D. E. Smith 
Mr. P. N, Tandon 


During the year under review 10 new members were elected, 


Meetings during 1946:— The Counc:l held five meetings düring the year, id there 
were six Ordinary General Meetings which were devoted to the reading of original papers 
communicated to the Society. 

Publications :—Four numbers of the Bulletin were published during the year 1943, 
viz., No. 4 of Vol. 86 and Nos. 1, 2, 8 of Vol. 87, so that at the close of the year the 
Bulletin was In arrear by one number only. 


During the year, the paper position has slightly improved and the cut made in the 
number of reprints allowed to authors has been restored. 


The Society received with grateful thanks a grant of Rs. 250 from the Rockefeller 
Foundation Grant, in 1944, for the improvement of the Bulletin. The Council report 
with pleasure that this amount has been utilised partly in the purchase of paper and 
partly in procuring certain essential mathematica! types, which have largely contri- 
buted towards the improvement of the Journal. 


The authorities of the Calcutta University have continued to lend their usual 
magnanimous services in printing the Bulletin free of charge, and the officers and 
members of the staff of the University Press have given their every sympathetic and 
active co-operation in bringing out the Bulletin regularly in these difficult times. ‘The 
council take this opportunity of offering them its very smcere thanks. 

Eachanges of Publications:—The distribution of the Bulletin to countries with 
which communication was impracticable during the war period is being gradually restored. 
While it 1s hoped shortly to resume the despatch of current publications to these 
countries, it will not be immediately possible to make up the war-time gaps for all the 
Institutions on the exchange list, though one or two complete sets of wartime publications 
are being sent out as channels become available. 

The Library :—The use of the Library continues to increase, and during the year 
under review 170 books were borrowed as compared with the figures of 160 books in the 


previous year. A general improvement in working of the Library will also be noticed, f 
thanks to the efforts of the Assistant Secretary, Mr. P. K, Ghosh. 


* Honorary Member 
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Finance :—The Annual Accounts from January 1, to December 81, 1945, have ‘been 
presented to the Council in the usual form by the auditors, Dr. B. 8. Ray and Mr. 


„A. C. Choudhury, who deserve the Council’s grateful thanks for their honorary services. 
It has not been possible this year also to settle up the foreign accounts due to 


obvious difficulties. The Council, however, hopes that this state of affairs will not 
continue long, as greater facilities for dealing with foreign exchange are now gradually 
being available. The financial position of the Society as a whole remains much the 
same as in the past few years. 

The Society’s Office and Staff:—Wartime difficulties still sn it has not been 
possible to secure a good assistant for the office with the remuneration which the Society 
can now offer. The work is, however, being carried on with the help of a part-time 
assistant, who is working on a small allowance. 

The Council regret to report that the bearer of the Society, a thoroughly dependable - 
and trustworthy. old man, who has been rendering very useful services for so many 
years, has been compelled to take long leave on grounds of health. It will be a matter 
of satisfaction to see him fit again and resume the work. 
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ON GENERALIZED PLANE STRESS IN AN AEOLOTROPIC. PLATE 


Br 
S. GHOSH i 


(Received March 8, 1946) 


INTRODUOTION á 


As an exact solution of the problem of equilibrium of a plate of an isotropic material 
stretched and bent by forces applied to its rim is very difficult to determine, it is 
customary for the simplification of the problem to assume a state of plane stress 
(Love, 1927, p. 187) or a state of generalized plane stress (Coker and Filon, 1981, p, 126) 
in the piate. ‘On this assumption, the average stresses and displacements in the plate 
can be very easily determined. It is well-known (Love, 1927, p. 206) that the 


_ assumption of a state of plane stress leads to single-valued displacements in the plate, 


showing théreby that such a state of stress is possible in an isotropic plate. It has been 
shown (Ghosh, 1946, p. 45) on the assumption of a state of generalized plane stress 
‘in the plate that an exact solution of the equations of equilibrium can be obtained which 
satisfies the compatibility equations for the stresses ns well as the boundary conditions 
on the plane faces of the plate. The existence of this solution proves the possibility. 
of a state of generalized plane stress in an isotropic plate. 

In a recent paper (Ghosh, 1942, p. 157) attention has been called to tho fact- 
that the adoption of such-a procedure for the determination of average stresses ın a plate 
of an aeolotropic material is fraught with grave risks, unless we can prove the possibility 
of the state of stress we assume. In fact it has been shown there that a state of plane 
stress is possible in'a plate of an aeolotropic material with three perpendicular planes of 


symmetry, only if the stresses are derived from a stress ‘function which is a polynomial = 


of the sixth degree in z, y (e = 0 being the middle plane of the plate). This shows that the 
determination of average stresses cannot be made on the assumption of a atate of plane 
stress in the plate when the stress resultants and stress couples are arbitrarily prescribed 
on. its rim. Green (1945, p. 224) is of opinion that this argument does not necessarily 


‘apply to generalized plane stress, for the restrictions involved in this assumption-are less 


stringent than those required by the theory of plane stress. A wider generality is no 
doubt possessed by the stress distribution in a state of generalized plane stress, but the 
question is whether this generality is sufficient to take account of the arbitrarily " 
prescribed boundary conditions on the rim of the plate. ; 

The object of the present paper is to examine the possibility of a state of generalized 
plane stress in a plate of an aeolotropic material with three perpendicular planes of 
symmetry, the plane faces of the plate being parallel to one ot these planes of symmetry. 
The components of stress have been expressed in terms of two stress functions x and x 
in equations (9),-and with the help of the stress-strain relations for the aeolotropic 
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material and the equations of compatibility for strain, relations between y and y have 
been established in the equations (12). From these equations it is deduced that y 
satisfies two homogeneous linear partial differential equations oi the sixth order "which 
are not, in general, compatible unless y 1s a polynomial of degree not higher than 18 
in æ, y, s. As these stress functions cannot lead to an arbitrary distribution of stress 
resultants and stress couples on tho rim oí the plate, a state of generalized plane stress 
is not in general possible in such a plate. 


FUNDAMENTAL EQUATIONS 


: Let us consider a plate of an asolotropic material with three perpendicular planes 
of symmetry, and let the plane -faces oi the plate be parallel to one of these planes of 
symmetry. Let us suppose that the plate is in equilibrium under the action of forces 
‘acting on-its cylindrica! edge. .Let the middle plane of the plate be taker i BS we plane 


‘g = 0, _ The stress equations of equibrium of the plate are i [M "P 
EN dd 3 | l Be Oe 0, - P" E fia 
u^ 21: Ses ae -- a 


If 2h be the thickness of the plate, the conditions ud the "idus ða. of the plate 
are free from tractions are 


Xe Yo e, d E 
Selon 2 = gh. JT 
"m The dirote strain relations for the aeolotropic arð are (Ghosh, 1942, p. 163) 
E Br Ág t ua Yy Sae Oye = Sn . (89) 
y en Cyy = 831Xa + 893Yy + 8332r -Css = 85r; E .-. (Bb) 
T . Cre = 3s X 9. Y y 8s Za, me Dod ^ . (8 


The components for strain satisfy the I relations, 
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Pop? jr STRESS FUNCTIONS 


In a state of generalized plane stress, 
£20 uk (5) 
while X, and Y, are not identically zero. - Substituting from (5) in (le), we see that 
we can express X,, Y, in terms of a single function $ by means of the formulae 








xX, = OF = d, l 
z By X | (6) 
oe (2, 98 a 
= Saðyðs' 
ane substituting from (6) and (i in (18) and (1b), we have 
ee oe ay. oy i 
Da Ee lIX£.— 
z wee | E 375 ðy?ðs? i n (8a) 
Viu > 
P l S te " P = 0. (8b) 
These Ba show that a function x exista such that 
d Ox, oy 
AWS A. 
" 27 ey! Syros" i 9) 
Q89x 9 07 
Yy7 Bà goa ER 
X = 3x. " (9c) 
” Gx8y : 
To these we add the equations 
ety _ oy 
X,=- 
' — dye fae Oz0y84 ox 


We T in this connection that Y appears in the equations (8a) ) and (i) through 
the stress components X, Y; so that any value of y which makes X, —-Y, =-0 can be 
omitted without altering the other stress components. : , 

Calculating the strain components from the equations (3), (5) and (9), we get 


Egg = (sz 2,9 X oa) tar tap mag 815 oY). , (102) 








w= (aay : E 2) Ed a) > (00) 
Cy = (s5; ox + 4X), 9 (10 5i i Lese) | (108) 
x = E (10d 
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Substituting from the equations (10) in the equations (4), we find thut the functions 
x and y satisfy the six equations 
Oty © a Ox Ox 
823 A 34-3 Bzrðat tay [ons a Sat tei : LIT x] 
et a? oy et oj ou 
= a PEE Baat 823) 73 ELIT 


SOS +o Sje aX Ox ex] 


| (11u) 











Saga taln Gat * "ss Sy "9858 
of 3 a? ot 3 
= aa [ss a 83 s|- opas [les + 8,4) 1 Gy ow 845 E (11b) 
O*tx Oty oy 3 9 e i 
San Frá t (8004 281) rað t Ou Bie = ede: 24 - 2:51 (11ej 
a? . 9^ e 
aye [ase (84, + 28,3) s] 
id et oy oy a“ oy o^ 
"6 E 7843 Ox? |- Bæ?ðyða Baa Z az? * MIL | (11d) 
et Ox e g 
Axe an; 28s ZM (85, +2813) Sál : x 
E a“ ou oy et oy Fy 
Ss Pase say T7855 = est Gat” Oy ;| (11e) 
je aX öx 3 oy oy]. 
EE: oci MILI Oy? BRIT sal = Bæðyða* sati T 2813) 8r (ëss + 2813) al qu) 


CONDITIONS FOR GENERALIZED PLANE STRESS 


When y —0 we have X,- Y, =0, so that the plate is.in a slate of plane stress. 
We have already found in a previous paper (Ghosh, 1942) that only a particular 
distribution of surface tractions on the cylindrical edge can give rise to a state of plane 
stress in the plate. 

The síress-system in a state of jaxta plane stress consists of two parts 
in one of which y=0 and in the other y is not zero. Omitting the part of x which 
corresponds to Y = 0 and therefore gives rise only to a particular distribution of tractions 
on the rim, we restrict ourselves to the part corresponding to the non-zero value of v. 
This means that in integrating the equation (11), we retain only the particular solutions 
of these equations. The equations (11d), (11e) and (11f) give 


Ox ax 3? e e 3? [on om 
Pen S (Fast 24) 223 = -223| ag sas -g Saf eu Ea at (12a) 
ex PX T e OW ay 9? ay oy 
ce (8s, + 257 = | jug tni tap D dms: | (12b) 
Ox ox 


8y? 33 aa? = ZY] at 20.) Á (85 + 28,5) ex] (12c) 


Mon 
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Differentiating (12b) twice with respect to s and (12c) twice with respect to y and 
adding we get (11a). Similarly, (120) and (12a) lead to (11b), and (12a) and (12b) to 
(lle) Therefore in a state of generalized plane stress the six equations (11) reduce 
to the three equations (12), provided we restrict ourselves to the part of x which arises 
from «Y alone. Hence for a state of generalized plane stress to be possible, the 
equations (12) satisfied by the stress functions x and y must be compatiole. 


Eliminating x between (12a) and (12b) and also between (12a) and (120), we see 
that y satisfies the two equations 


3° að 3 - 3 
833844 E [833855 + 844 (8946 + 2813) | m + [81844 + 855840 + 26,,)] ay 811855 e 


+ 8548 -OY ET 833 — 28 ,5 (844 + 28 uh UMS n E (182) 
F 8a800 sagi 11843 1a Bee T A819) I rað áðga ^ li e mágs — 
3 et e* ot 
833844 an [553855 + 813844] m + 813855 y + [815844 t 825850] s 


- 9*5) ety 
+ [834 (8447 4855) — 84, (855 + 4855) — 84. (855 + 813) | Be*Oy"Oe = 9119 635/78 


5 ay 
+ 8139063 354 7 831856 Sy ozi 


- 


= 0. (15b) 


The equations (18a) and (18b) cannot be broken up into partial differéntial equations 
of lower orders unless suitable relations exist between the elastic constants which can 
only happen under exceptional ciroumstances. These equations are homogeneous linear 
partial differential equations of the sixth order. lf ý be a homogeneous polynomial 
of degree n in z, y, z, so that it contains $(n+1)(n+2) arbitrary constants, then the 
left-hand side of each of these equations is a homogeneous polynomial of degree n—6 in 
z, y, #, and contains 4(n—5)(n—4) coefficients If, therefore, such a polynomial y 
satisfies both these equations we must have (n—5)(n—4) homogeneous linear equations 
between the 4(n+1)(n+2) coefficients of V, 1.e , between their $(n+1)(n+2)—1 mutual 
ratios. Except in exceptional cases these (n —5)(n —4) equations are linearly independent. 
Hence, in order that the equations (188) and (18b) may have a common solution which 
is a homogeneous polynomial of degree n in z, y, s, we must have 

(n—5)(n—4) zi 1n - 1)(n- 2) — 1, 
or 
n* —21n--40 < 0. * (14): 


Therefore n must lie between 19 and 2. We reject the condition n > 2, because the 
equations (18a) and (18b) are at once seen to be satisfied by polynomials of degrees 
less than or equal to 5. i 


~ 


As the only common analytic solution of the equations (18a) and (18b) is a 
polynomial of degree not higher than 18 in z, y, s, the equations (12) show that v 
can ab most be a polynomial of degree 16 in æ, y, e. The degree of this polynomial 
cannot be raised by adding to x {he part corresponding to the state of plane stress, for 
we have seen (Ghosh, 1942) that x is then a polynomial ol degree not higher than 6. 
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Ás these restricted values of ‘y and y give rise to a particular distribution of tractiona 
on ‘the: cylindrical edge of the plate, ‘we cannot have in general a state of generalized 
plane stregs i ii the plate when the ` stress resultants and stress couples are arbitrarily 
fittar Dad on the rim. 
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HYPERCUBES OF STRENGTH 'd' LEADING TO GONFOUNDED 
DESIGNS IN FACTORIAL EXPERIMENTS 


By E : SN g d 
C. RADHAKRISHNA Rao 


(Communicate by Mr. R. C. ` Bose—Received March 4 9, 1946), 


YsTRODUOTION 


In a previous paper (Rao, 1945) the author has defined certain combinatorial 
arrangements called Hypercubes of strength d und Has shown that they aré derivable 

„from finite geometrical configurations. It is also observed that the existence ofa 
hypercubé of strength d leads to confounded designs in the case of symmetrical factorial 
experiments in which all interactions of the factors up to the order (d—1) are completely 
preserved. In particular, when d = 2 the hypercube becomes a Latin ‘cube of the 
first order defined by Kishen (1942). 

In an elegant paper R. A. Fisher (1945), using the properties of groups and 
hypercubes of strength 2, has given a system of confuunded designs in the case of the 
general factorial experiments preserving all the first order interactions and main effects. 

The object of the present paper is to pursue the methady developed in- my previous 

` paper and E 
: (a) prove certain optimum properties eabnected wie the arrangements of a 
‘hypercube of strength d; 

(b) systematise the construction of hypercubes ; É - 
(cy discuss simple and quick methods of strivibg B gontougdgd designs i in the case 

of symmetrical factorial experiments ; 3 

E (d) and derive a system of confounded designs in the case of symmetrical and 
asymmetrical factorial experiments using the pid of Byperedbon,- wt 


eg 


2. Hupsnconss OF STRENGTH ' d 


- 


A Hypercube of strength d is defined as follows. Eep there be m factors Ai Aa 
- Ag each of which can assume 8 different values. We define an ordered set (i,, ig, ... , tm) 
„as a combination of m factors obtained by the selection of 1,-th, 'i,-th ... values of the 
first, second,..., factors respectively. There are 8” such cambinations. of which a 
subset of sf sinbinationstiny be called a (m, e, t) array. 
An (m, 8, t) array is said to be of strength d if all combinations of any d of the m 
; factors occur an equal number (= 8'79) of times. An array oí strength d eo by 
x (m, 8, t, d) 18, alternatively, called a hypercube of strength d. : 
In the case t = 2, d = 2 the arrangement (m, s, 2, 2) — À to the existence 
„of (m—2) orthogonal Latin squares of side s and gives an, alternative method of 
„representing (m 2) orthogonal squares. In the case óf higher values of t and d the 
definition of a hypercube as a set of ordered combinations avoids the geomotricalor any 
configurational aids in representing them. : 
ES Á ra of the form (m, s, t, d) pine uot exist for any, assigned ‘set at the 


s 
s 
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parameters, but an important problem 1s the construction of hypercubes for the maximum 
possible value of m for an gssigned s, Í and d. 


8. HYPEROUBRS AND FINITE GEOMETRIES h 


Let PG(t,s) represent a finite projective geometry of t dimensions with (8+1) 
points on a line as defined by Veblen and Bussey (1906). The configuration fora finite 
‘Euclidean geometry EG(t,s) of t dimensions is obtained from PG(t, 8) by omitting 
one*(t—1) fiat and all the points lying on it. This flal may be termed as the flat 
at infinity. 

There are (s**! —1)/(s —1) points in PG(t, 8) of which (s*— 1)/(s — 1) lie on the (£—1) 
flat at infinity. The number of points in EG(t, s) is, therefore, st. These are called 
finite points. 

There are (st —1)/(s— 1), (1—2) flats lying on the (£—1) flat at infinity and through 
each flat there pass, excluding the flat at infinity, s, (£—1) flats each containing an 
exclusive set of s finite points. These s, (£—1) flats are called a pencil of parallel 
flats emanating from a (t—2) flat as their vertex ab infinity. 

Corresponding to the (s'—1)/(s—1), (£—2) flats on the (£—1) flat at infinity there 
are (sf—1)/(s—1) pencils which may be identified with factors. The s parallel flats in a 
pencil may be identified with the s levels of a factor. Through each finite point 
there pass one flat of each pencil and hence a finite point may be identified by the nature 
flats passing through it or the same as a combination of the factors. 

If we write down the sí combinations corresponding to sé finite points, they 
constitute the arrangement (m, s, t, 2) of a hypercube of strength 2 where 

= (st-1)/(s-1) for any two (¢—1) flats belonging to two different pencils intersect 
in ef * finite points. Hence any combination of any two fectors occurs in sí7* 
combinations, thus satisfying the requirements of a hypercube of strength 2. 

We can consider the s! finite points as a’ elements in which case s parallel flats 
each containing st“! points define (s—1) contrasts built out of s' elements. Since any 
two flats belonging to two different pencils intersect in st“? finite points it follows that 
contrasts arising out of any two pencils are orthogonal. Since only (s'— 1) contrusts are 
possible with st- elements and the (s’—1)/(s—1) pencils define (s'—1) independent 
contrasts, it follows that no more pencils giving rise to orthogonal contrasts are possible. 
Thus the maximum value of m for a given 8, t, and d = 2 is (sf—1)/(s—1). 

If we want to get a hypercube of strength 3, it is necessary that three flats 
belonging to three different pencils chosen from the set of (s$—1)/(s—1) pencila intersect 
in a finite points. Any two vertices corresponding to (wo penoils intersect in a (t— 8). 
flat ab infinity, Ifa third vertex is chosen passing through this (£—8) flat then the 
flats of this pencil will have the same set of a? finite pomts in common with the 
intersection of two flats belonging to pencils already chosen. On the other hand if the 
third-vertex is chosen such that it does not pass through the intersection of the other 
two then three flats belonging to the three different pencils chosen intersect in 8*7? 
finite points. The fourth vertex has to bé chosen such that it does not pass through the 
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intersections. óf any two vertices already chosen and so on. Iiis easy to see that the 
conditions for a hypercube of strength 8 are satisfied if the vertices so chosen are 
identified with factors, The optimum value of m for a hyperenbe of strength 8-is the 
number of vertices that can -be: chosen from the flat at RN SAG "the above 
properties. - : 
If we want to construct a hypercube of strength d we havé to lioose pencils such 
‘that none of the vertices belonging to these pencils pass through the intersection of 
two or more of (d—1) vertices already chosen. In this case any set of d flats belonging 
tod different pencils interseðt in sérð finite pomts thus satisfying the properties of a 
,hypereube of. strength d; The optimum value of m for an (m, 8,1, d) array is the 
number of such vertices that can be chosen from the flat at infinity. There does not 
seem to be an easy met! od of arriving at a general expression for this optimum value 
but some inequalities connecting m, 5; t, d may be available. : 

` "AB we are using finite geometrical configurations of dimensions higher ‘than 2, 
it follows that construction of hypercubes as developed above is: availablo when. and 
only when 8 is a-prime or a prime power. Even in the case” of t=2, the kúown finite 
geometridal: ‘configurations correspond to prime or prinie power values‘of 8. ; Alsó the 
problém of getting all possible hypercubes remains unsolved. i 


pa R a ] 


. 4. . ÖONSTRUOTION OF HYPRROUBES WITH THE ANALYTICAL, 
REPRESENTATION oF PG(E, 8) - E. Xi : 


Á 


If s is a prime or a prime power there exists a Golois field GF(s) with s elameits : 


which may be represented by a, = 0, e, @,..., c, Any finite point of PG(t, a) 
may. be represented by an ordered set 


[chia pex) (4.1) 


of (+1) coordinates where the first coordinate z, 18 the unit element in GF(s) and . 


@,,..., % are any elements of GF(s). In particular, the coordinate w, may be dropped 
when we are referring to finite points. There are s' possible combinations of the type (4.1) 
which correspond to the sf finite points. Any point on the (£—1) flat at infinity may be 
represented by " 

(Eos 2, ..., 81) (4.2) 
where z, = O and the first nonnull element in.the ordered series is a unit element. 
There are (s*—1)/ (5—1) such combinations possible leading to the cofrespondence with 
(s* — 1)/ (s —1) paints on the flat at infinity. 

The equation to the (t—1) flat at infinity is given by æ, =.0 and any (t- —1) flat 
has an equation of the form 


At: ta = 0 S 


4.8 
in any (t= -2) flat at infinity may be represented by , wa 
@ = 0, amt. tm = 0: dS (4.4) 
The s, (£—1) flats of the pencil corresponding to this (£—2) flat are given by 
-am Fat t o tae, = 0, ((-12,...,8)- (4,5) 
2—1016P—3 - i \ 
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The flat with — a; as the coefficient of z, may be identified by e; which may correspond 
to the i-th level of a factor. The pencil of flats (4.5) or the factor corresponding to it 
may be identified by the set [a, 2, ..., a,] defining the vertex of the pencil (4:5) 
at infinity. The factors represented by [a,, a, .. . , a] and [6a,, Cag . . . , Cae] where 
c = 0 are, according to our identification, the same. 

: We have, now, to consider each finite point and list down the nature of flats passing 
through it after numbering the vertices serially. The (t~2) flats at jnüpny pe all, be 
obtained as z, = 0 and a combination of flats 


2,90, 2,=0, ..., a = 0 l -ua 


which may be identified by factors A,, A,,...A;. The flats corresponding to the 
vertex 2, = 0, e, = 0 or the factor A; aro given by considering only imie points, 


-a+ = 0, j212,...,8. (4.1) 
If the finite point (8, Bao ..., Bà gives the levels £i, &,..:, & -for the factors 
Ay, Ag,..., Ag then the level for the factor represented by |a,, ág, ..., m] with. the 


B onveritiad: that the first nonnull value of a is unity, is given by G, + a4, . . . t dur. 
Also if' the levels of a factor for the finite points (1,0, 0, c..0), (0, 1, 0, ...:, 0), 
(0,0,1,...,0),...(0,0, 0,...,1) are given by mi, ga ..* jé then the- levels of 
that factor for the finite point (B,, Bs, ..., Bj) is given by bım t---+@rme. Thus, 
it appears that the combinations arising out of a chosen sef of vertices (of which the 

. sub set (4.6) may always be chosen) can be simply generated from the scheme given 
below. : 


Method of constructing Hypercubes 





levels ol chosen factors z 





finite point 












100...0 100... 
(ið 





01...0)|o1.. 





(00... 
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^, The column of finite points may be omitled as the selections of the factors 
Á Aar = = , Ár are same as the combinations for finite points. 
Any position can thus be filled up by the scalar product as of vectors of the 
representations of finite points and the factors as ordered set of elements. 
Illustrative example. Ift=8, 8 = 8, there are 18 lines on the plane at infinity. 
Taking the residue classes mod 8 for GF(8) we can write down the 18 lines and identify 
` them by latin letters. 


A, &, =), t + d, — 0,  H,z,52,-0, K, 2, t%2,=0 


2 


C, 2, = 0, v2, z, = 0, J,z,*2,—0, M, 2,2, = 0 


D, 

B, w =0, E, z, +2e, +27, = 0, I, a+, = 0, L, v,422, = 0 

F, 
G, œ, t 2,t22, = 0. 


If we take these 13 vertices and consider the 18 pencils passing through them 
we get an arrangement for (18, 8, 8, 2). But to construct a hypercube of strength 8 
we have to choose the vertices as mdicated above. One such selection is given by - 


A, 2,20, C,2,=0, .B,a,=0, 
D, z,*2,t2,— 0 
showing that the optimum value of m = 4. The 27 combinations are listed below 


The Hypercube (4, 8, 8, B) 





W^ We dou E ^ 
E 


A B C.DJA BO D|A B C D. 

00 00 A 4 0 212 01.0 

PO o.ıjo2 2 f] £o 2. 0 

X429 2 1|9- 9 2:0 

00 1:1|22 0 1|1 2 2:2 . i 
. 200 21012 ol22 1 2 

Ce ae I PR 

0.0,2.2|1 0 2:0|2 1 1:1 l 
, 4,011 2/0 2 1.0|1 1 2:1 

c0 Tyas 3 0 2f 3 





-~ a In:the'case 8 = 2, t = 8, the maximum value of m = 7. The lines at infinity are 
A,z,-0 D,z,*2,—0 
B, t=O E,z,-2,-0 G, Lı Ea tT, = 0. 


Din E dpi besides C, z, m0 F, gq+zj=0 
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. The Hypercube (7, 2, 8, 2) 





-ABODEFG 
- 000.0000 
TEN ; P gU S : 
i 0101101 
0010111 
. 0111010 
1 1100110 d 
120-10 1 0 0- : $ 
111000] 


If wo want to construct a hypercube of strength 3, with £ = 8 and s = 2 we may 
choóse the following lines. Í 


A, 2, — 0, B,z,=0, OC,2,—0, D, T, tett =D . n 
Tho Hypercube (4, 2, 3, 3) 
A B 


2 


OD: 
0:0 
11 
0:1 
0 1 
1 0 
1:0 
9 0 
ti 


Fre O m oO fF SC OO 


b. 


3 ——— 


The properties of these cubes remain the samd” even if one or more factors 
aro omitted. * : 


x 


5. A SYSTEM“ OF ` "CONFOUNDING" FOR 870 "EXPERIMENT, 


If there ure m factors each at á levels, they give fise to gm treatment combinations. 
Identifying the s levels of-a factor with the s elements of GF(s) we may define the 
main effects and interactions as given by Bose and Kishen (1942). 

` Tf (wy, m,..., @m) represent.a combination of the m factors there are: s"^7 
combinations satisfying a linear equation of the type > 


blit B bumu 7o = 0 ! (5.1) 
where b,,b,,... bm and a, are elemenis o! GF(s), By keeping -b's fixed ánd allowing 
a's to assume all values in GF(s) we get 8 mutually exclusive sets of 8'-! combinations 


^ 


- 
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in each, thus covering the totality of the sets, We define the (s — 1) contrasts between 
these sets as the contrast.set [b,, b, ..., bmi: The rectangular bracket is used: to 
distinguish the contrast set from a treatment combination, It is:eagy to see that the 
contrast sets represented by (b,, ba... ba] and [ob,, Tba, `... cbm] are the same. 
This combination may, as well, be said o carry (s—1) degrees of freedom, 

= -Accepimg this notation we may list the contrast sets belonging to main eee and 
interactions of the factors denoted by A, B, e. . 88 follows 


~ Contrast set i Degree of freedom of Eiffect to which the 
; - - - each contrast seb set belongs 
[bi 0,..3, 01 (b, dO) .— e. E 22. (8—1) Á 
[b 5,,...,0] (b, #0, b, = ay... 0) " | (8-1) . AB . 3 
[ba Bay bas... 0) (bi #0, bar B= ye. 21%) (Ol): +, ABO. 
' — po SE ER S a 
In general if bi, bj, , ^. , by, are not zero then the contrast sat hélongs“ tò the interagtion 


of i-th, j-th, ..., u-th factors. a 
- Corresponding to an interaction of -k factors- there 'are.(s—1)*7! contrast seis 
carrying (s—1)* degrees ‘of freedom. Since there are-"C, selections - possible for 
interackions, of k' factors the total TRETEGE of freedom. carried by all the main. effects and 

interactions are : 

O3"06- 5: am co 93) 
thus. covering the $'' — 1 contrasts among the a™ ET T E Sie = 
The problem of. confounding i is the splitting of these s" lbs. ih qu sets. 
of sé combinations each such that the (at —1) contrasts arising out of these sets may be- 
identified in sete of (8—1) contrasts with those defined above.: Or. in other words the 
(94-1). degrees of -freedom. should. break up to.(87* — 1)/(s —1):sefs of (s —1)-degrees. 
of freedom each such that these sets belong to the contrast sets enumerated aboye.! 
Such arrangements lead to confounded designs for the.s” experiment in blocks. of:3' plots 
obtained by assigning each of the above 8"** sete to a-block. __ ‘ — (D að 
IE [bi buco ba] and., [ci 9 Cm] are. two md Sos. that are 


confounded then the combinations i in, the set containing (0, 0, ,0) must satisfy the. 
equations. Í : - . B m i e EN p 
LUCERE bæt : eoa = 0 | TEECCPNT (58) 
Lud Á niin = 0j. 
Hence it it follows that ngs combinations satisfy the equation 
Oe et » Wn a cud ea legs 
pasy un Sb eaedem tin + bmt donda = Gaa O sui (89: 


wheré «is an element of GF(s).. Hence the contrast sets;confounded foror a Subapaoe of: 
Contrast Sets. All the contrast sets generated from, a group. of contrast sets by lirear:. 
combinatiéns (as of vectors) are said to form a-space of contrast sets, If this spa0e.. 
covers only-a part of the totality of contrast sets then it s termed as a subspace, . =...... 
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~- If we want to confound a given subspace of (87* —1)/(s — 1) contrast sete then we 
fiid out thé (m-t) =À independen contrast- sets from which the totality of ^ 
(g'hzt— i / (8—1) contrast sets can be „generated. If the independent contrast sets arð 


ty 


Y : [bii d 3 bs], i=l, 2, „Á. n . (5.5) 


then a block of the confounded design is obtained from the Sombiabions satisfying the 

set of equations : sed 
bitit. e t ont — -a = =0 : 

: PAG Lm obe. Ug (5.0) 


A bt tt za ain = 0. I " B 


By allowing 4j, 9;,..., %, to assume all values in GF (s) we get 8^ sets of equations 
each giving rise to a block, The totality of these blocks leads toa design éonfounding 
the given subspace of contrast sets. e: 

: A quick method -of deriving-these blocks is as follows. We find-the combinations. 
obtained from the equations ar. 


zia L3 Ri ne bya, + rs "tmm = 0, i= 1, 2, ED 2 MIS (5.7) 
The block containing.these combinations is called a keyblook. If (d,, dy, ©. pdm) is any 
dombination in any other block then all combinations of that block are obtained from i. 


“= . (d, £s dés... Imt&m) e cem (5.8) 
whéte (Én far -. 2, Ém) is a combination in the key block, The method of deriving the 
totaliby « of blocks is bo start with any combination not used and build up the rest by: 
additions; of combinations obtained in the key block in the manner sm in (5.8) 8) for these 
constitute solutions to a set of equations (5.8).  . ex i . 
"^ The combinationg in the key:.block form a subspace ot T inano : 
subspate being defined in a manner similar to that in the case of contrast sets; since: 
‘they ‘constitute. the set ot solutions to a system of linear equations (given in 6.7). This, 
enables us to.find the confounded contrast subspace when the key block is given. Taking, 
the combinations < .» +» &m) from the key block we form the set of ira EE gua 

M tote dit e O lk *. (5.9) 
Where ki is the 6126 of the key block. ` This gives us E set of solutiotis oe the tips? 


of confounded contrast .sets. The contrast subspace confounded as found front’ (6.9) 
may be said to be orthogonal to the treatment subspace of the key block. 


- í ' 3 
6. EHYPERCUBES AS KEY BLOCKS 


If we want an arrangement in blocks of size &* for the maximum possible number of 
factors preserving all interactions up to the order (d-1) then the contrast subspace 
orthogonal to the treatment subspace of the key block must contain no: copiant Babe - 
involving d or less than d non-null elements, — .: ud ii ] 

„We shall now prove that a hypercube (m, 8, f, d) of strength d as said, 
Section 4 is a subspace of treatment combinations generated from t. independent 
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combinations and the orthogonal contrast space contains no contrast set involving less 
than (d--1) nonnull elements. As the hypercube contains the combination (0, 0, , . . , 0) 
it follows that it can be used as a key block for getting a confounded design in which 
none of the interactions up to d factors are confounded. 


The first part of the result comes out from the nature ‘of the construction of 
hypercubes of strength d as given in Section 4. To prove the second part of the result 


we need only show that there does not exist a set of quantities bi, big, ..., bia 
such that 

batts + bona = 0 . (6.1) 

' for all sets (£a, ..., a) of the combinations ot the i1-th,..., id-th factors chosen 


from the key block, Since each sych combination occurs sid times it follows that the 
number of different equations of the type (6.1) is s* corresponding to the s^ combinations 
“of d factors, Since, in particular, the combinations of d factors. (1, 0,.-:: ; 0), 
(0,1,0,...,0).., ete, are possible it follows that each of the b’s must be zero, Hence 
no content can juvolye less than (d+1) nonnull elements. Given the hypercube of 
strength d construoted out of the ¢ generators ; i 


2 as = “Ow js o Gm) $= 1,2,...,8 — 5 à (6.2) 
the equations giving the contrast « space are 7 mE ME 
A gate `+ Daas = 0, RS E 3 (88) 


There are (m—i) independent solutions giving rise to (s*7*—1)/(s—1) contrast sets 
which are totally confounded. Thus the contrasts confounded by using a hypercube 
as, a key block can be ascertained. 

The hypercubes of strength d as PE in Section 4 aað to sonfounded 
designs for the maximum possible number of factors in blocks of size s preserving all 
mein effects and interactions containing d and lesser number of factors. By omitting . 
one Sor more columns from the hypereube we get designs satisfying the same property 
with lesser number of factors, - l 

Illustrative example. As an example we can find the contrasts confounded in 
using the hypercube (4, 8, 8, 8) as keyblock for a 8* design in blocks of 3° confounding 
E only: interactions containing four factors. 


"The generators of (4, 8, 8, 3),are 


V 


The only T contrast is fa, 2, 2, Lk ! 


Bimilarly we can find the contraste confounded i in using the EA a, 2, 8, x 
as key block for a 2° design i in blocks of 2° plots, The generators ar, . ~- 


Tore ie A nm ii s Ur ^. 0. RY RAO gc Aa 2 P 


= ABCDEFG : : 
i l 1001011 : 
"s By 
0010111 ; 


1101000 
"s $3 4.60 1-9 9 
Hi H 11:010010 * 
"o 11410001 : j 
which gives rise to the interactions ; ES S" wt T 
Mo: E ABD, BOE, ACF, ABOG 2 : 
add iboddened tod hes. À Sn 


sn, B . - að 


7. HYPEROUBES AND ASYMMETRIOAL TAERA DESIGNS 


„ne An asymmetrical factorial design (Nair snd Rao, 1941) may be defined i in fig case 
òf two factors as follows. If the levels of these factors denoted by A, and B, are u and s 
wespedtively, then there are su treatment combinations identified: by the ordered sets- - 


sig 70077 (abp; $212,605, 05 fed ic... : (7.1) 
E get of k xu Spabinations | is skeð a block. If there: are b Sen of k combinations each 
‘such that S. M N pé x 


PEE 


* but - - zx 
Dur - 


T) "each combination i ig. ised T limes, : 


- (b) , ` the combinations (a;b,) and. Tali) occur "ose bak it in Xa blocks it i = h, j Jia m.» 
Ào blocks if ikh, j = m; A, blocks if i= h, me and.zero. times - i 
S a che and a ee ie m 
then-the arrangement is said to bean asymmetrical actoral desir) no 
Some of these arrangements are derivable from hypercubes of dirsngtli ‘Dag: „derived 
in Section 4. We-take u of the factors in the hypercube and indentify them with the 
u levels of the factor Á, and the 8 levels of each of the factors with s levels of the 
second factor B,. Then each finite point gives rise to u combinations, These 
combinations are taken ss a block. There are as many blocks as there are finite points 


Since the hypercube (m, a, t, 2) 18 of strength 2 it follows that corresponding to any 
two different levels of A, all possible combinations of the levels of the second factor B, 
occur an equal number s* times which gives the result that A,, = À,, = síð. Rince no 
level of A, is repeated in a block it follows that A — 0 -Binee the propérty^of the 
hyper&ube ot:'strongth 2 ;is. totained“ even “if some .of the factors are omitted it-follows 
that the levels of the ‘first fgctor is less than or ‘equal to m. ‘Since a hypercube 
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(m’, 8, £1, 2) can also be constructed it follows that the minimum values of Á parameters 
for the design.u x 8 are as given above if à 


m = (~ —1)/(e—1) <u < (s*—-1)/(8—1) = m. (7.2) 
If u < (s7* — 1)/(s—1) then the parameters A,, = A,, = s'7* may be used and the design 
is derivable from (m',a, t— 1, 2). . 

An illustrative example, With the help of the hypercube (7, 2, 3, 2) given in 
Section 4 we can get two dimensional designs u x 2 where 8 <u x; 7 with the system 
of parameters A = À,, = 2, Ap. = 0. The factors 4, B, C, D, E, F, G may be 
identified with the levels 1,2,..., Tof A,. "E 


Design for 7 x 2 giving designs for u x 2. 


ABCDEFG 





levels of the 
first factor | 1 2 8 5 6 7 4 block no. 
0000000 1 
7 i 1 0010ri g 
` 0101101] 8 
levels ofthe | 9 0 1 0 11 1 4 
second factor} 9 1 1 1 0 1 0 5 
11001 10 6 
1011100 7 
i 1110001 8 





By omitting levels corresponding to G, F, ete., we get designs for ux 2, where 8 < u « 7 
with Ay, = 2 = Aj, Ag, = O. F 

If we omit the levels 6, 6,7 and the blocks 1 and8 we get the design for 4x2 
in blocks of 4 plots with A,, = 2, Ay. = 1, Agi = 0. 

2 This leads us to search for designe with Ay, = 8", Ay = sf ?—1 and Ay, = 0 
in the general case. 

We take a hypercube (m, s, t, 2), of EA 2 and consider the finite point 
(1,0,...,0). These are st“! factors which have the selection 1. Thesé very factors 
will have the selection e; for the pomt (@;,0,..., 0). We have to retam only these 
factors and omit the biocks corresponding to the s finite points (æ; 0,..., 0); 
1219. s. This, evidentiy, gives us the design for the set of parameters u = gi} 
Ay, = 877, A, = sf?~1 and A,, = 0. Even if some factors are omitted from this the `- 
A parameters remain the same. Hence we get the following results for the two 
dimensional u x 8 design in blocks of u plots, 


8—1616P—2 i 
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: ; values of ‘ 
limits of u e 
Ay Ao Aor 
- (857 —1)/(8—1) < u < (sf—1)/(—1) | sf? at? 0 ‘ 
(87 —1)/(6—1) < u x si gí7à gi] 0 


The extension of these results to higher dimensional cases will be given elsewhere, 
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ON THE POWER FUNCTION OF STUDENTISED D*-STATISTIC 


By 
H K. Namı 


(Communicated by Mr. R. C. Bose—Received March 9, 1910) 


1. Definition and notation. Let z,, xz ..., ég be p random variables obeying the 
elementary probability law: 


Pas Zas o-s ps 0, Og, ..., Oda, das... day. (1) 
The vector (z,, 2, ..., Xp) will be represented in a p-dimensional Euclidean space W by 
a point E while (0,,6,, ..., 6) will be represented by a point 0 in the k-dimensional 
space Q, called the parametric space. The test of „a hypothesis H,(0—6?) consists in 
choosing a region w in W called the critical region such that if we meet with a point in 
w, we reject H,. The chances of rejecting H,(6 = 6°) and H(0 = 6) by adopting this 
rule of procedure are respectively the'size of the critical region and the power of the test . 
with respect to the alternative H, given by . 2. 


P(E €w/H, or H) = f {E18 or 6)de. | (2) 


The p-variate normal populatian II, is given by 
fiz/0)dz = const. x exp{—4 S etm más mj)dz, de, e diy, (8) 
ipe 


where m;'is the expectation of a; and a“ is the (i,j)th element in the inverse of the 
dispersion matrix ||ayl|. If we have a sample of size n, from (8) and size n, from another 
p-Variate normal population II, denoted by z''s and m/’s but with the same dispersion 
matrix, then to test 


1 


Hm, = mi, m, = má, ..., My = my) (4) 


whatever may: be |l]; the statistic D*.has been proposed : 
D* = (1/p) $ E-E) 220 


where z, is the sample mean of the i-th character in II, and o" is the (i, j)th element in 
the inverse of the sample dispersion matrix ||¢,||, - 


+ 


, n = _ 7 8. _ 
nog = (n, n,-2)0g = 2 (va — w) (2yr — 25) + S ea) - 9). (6) 
oo „ = = 
Let us define A? by l 
A= Qjp) Í on mimm). - tH 
typ 
However, instead of D? we will consider the equivalent statistic D,” given by 
; 0D: - 2 - nn, j 
D’ = wrap where c ires a (8) 
and dafine qud l 
á P= cA . 2c (9) 





2 
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Dj? will vary between 0 and 1 and we will study the optimum properties of the orilical 
region w, such that inside w, D, œD, (constant). The size and the power of this 
critical region w, are given respectively by (Roy, 1988) 


Tf(n+1)/2} . 
ToD in- p + 1)/2} 





1 
P(E €w,/8 = 0) = [ (—D,)f-7)h(p,yr-9P3p.», — (10) 


Tí(nt1)/2} s (50H, ry s (o3) 
P(E€w,[B #0) = TEP HBL, ‘Ue =D iy"? (D, ye 


x me P; Dg D. (11) 


2. Validity of a test. When the hypothesis to be tested is a composite one, the 
critical region should be similar to the sample space, i.e., the region should allow provabi- 
‘lity statements, independent of the parameters about which no knowledge is presumed. 

"Moreover, since by a test all admissible departures from the hypothesis H are to be. 
detected, it is necessary that the power function of the criticat region to be considered 
should depend on admissible alternatives. Thus we may define the validity of a test: 

(cy Definition, A critical region w, similar to the sample space makes a valid test of 
the hypothesis H,, if P(E €w,/H) = $(H), where H stands for any admissible alternative 
hypothesis. * 

To test the hypothesis in (4), the similar region w* corresponding to the test for the 
equality of means of the i-th character in the two populations, i e., Fisher’s ‘t’ for the 
i-th -character might be taken. But 1f we consider the power iuscbon of w! it will be 
found ` d f ° 


P{E €wi/H(m, = mi, ..., memi, mM, = mi, .. A. à 
= PÍE€wilH(m,demi, ..., mmi, ..., me ms} 
' = p(m =mi). 


and as such w does not supply a valid test. Since A? in (7) is a positivo definite 
quadratic form and vanishes when and only when m, —m( for all i's, the region w, will 
‘be seer to make a valid test of the hypothesis in (4). 

-It níay be pointed out that the tests obtained by ‘Likelihood Oriteria’ are all valid 
whenever they give similar regions (Wald, 1948). i 

8. The Resultant Power and Success rate ‘of atest. While. testing H, we wili in, 
fact, come ‘across H, and all alternative H’s: The choice of a critical region should be 
based on the consideration that we want to make successful statements regarding the 
correctness and incorrectness of H, in as large a percentage of cases as possible, To put 
this symbolically, let us assume an integral probability law for the a priori distribution of 
H's given by | 

. Pí; 63, (k= 1,2, ..., p)} = P(6%) (12) 

which has a ‘saltus’ of magnitude y, at the point 6° corresponding to H,. The set of 
points in Q other than 6° will be denoted by (Y. Let w be a valid critical region of size a. 
Then the resultant power of the test is defined by (Neyman nnd Pearson, 1983), 
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ee Pub) =f P(ECw|O)üP(  —- ' - (13) 

w 
atid the chance of success will be giver by (Mises, 1942), 
'B = (loðna P(E €w[6)dP(8). ad) 


DA 


The chance of sure success S, (Míses, 1942) is the. lower bound of S with respect to P(O). 
If the lower bound of P(H€w/6) = 8 when 0 changes, then it is easily | seen that S, is the” 
smaller of 8 and (1—«). Moreover, when PHew/6) is a continuous ‘function of 6 in an 
interval of 0 containing 6°, á >ð and the largest possible value of 3 is $ when a=d= 4. 

A critical region w, of given size will be the best with the a priori law (12), if no 
other critical region of the same size has its resultant- power greater than that of wy. If 
the size of the critical: region is not fixed, it will be said.to have optimum size provided 
is so chosen as to make the chance of success in (14) maximum; and among critical 
regions of optimum size the one with the highest chance of success for the law (12) will 
be regarded as the vest, i 

The necessary and sufficient condition for the existence of the best, critical region 
independently of any a priori probability law is the existence of u Juniformly 1nos& powerful 
test. — fn M a mts 4 

Since the a priori law is seldom known and the existence of a uniformly most 
powerful test is a rarity; the choice falls on a test having the highest de of sure 


success which is the same as a uniformly unbiased: ‘critical region of size 4. , ur 7 
Now it is easy to see the test w, of Section Í is uniformly unbiassed for every value 
ofa- Let us take s= D,* and A = f* in (11) which becómes > age 


Tí(n +1) /2},674 f: (p—9)/8 ü- QR F (B „es 
n. 


a ON ee ora p+ 55 
-— 


-A À / 2: : . 
=. Fit coos. "Ne (15) 


Cds 1 
FK a è ' #5 


h 
where Qin NM 2 (16) 
4 


En | k= FA, "s p- sal a 


and these n;'s (< 1) form a monotonic increasing sequence. ls UE (18), serm by 
term with respect to A, 





D 
4 
, 


oer "2o vato di 
"" -o = r a sæl 2o ARTA 
SP(E€w, pys T Em, ip Miri gaa ia x > eð Á n 


Thus P(E € w,/A) is a monotonic inereasing ‘function of A and as such the critical region 
w, is uniformly unbiassed. í 

4. The Resultant Power of w,: To test the hypothesis in (4), no urlforðdly most 
powerful region exists but it will be shown that for a fixed dispersion matrix ||o,g|| as well 


as fixed E VV EUM a = : 
- . CE X NN . 
4 Np rt ee - - 
Mi 
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but 8, == m,—mj{ following the a priori probability law, 
y(A7)86, d6, . . . d0, (18) 
the region w, has greater resultant power than any other region of the same size if the 
admissible alternatives include all values of 0's such that A? < A,?. 
For a sample of n, individuals from II, and n, individuals from II, the density 


factor can be written as 


{(z, 0) = G.exp[ -1 Xe (ey — mi) (ae ~m;) + 2 (æi, — mi) (5 — mj}. 


Write N 
M = Ny Mtn mM, and X,= NL F NgZ; 
Ny, Eng Nit Na (19) 


hy = 2 (za Xz — Xj) + 2 (ær — Kær — X7) 
Then 


fí, 0) = G. oxp| — 12 a Ziea- Mza- Mj) + pcne 





— its _ e ta E. m Rin; EN PEUT H 
^ Feo z;)(m; mj) -G zj)(m, msc m)(m,— m) 


: ; nn , 2 = í 
ed oxp| - BS aay + (nna MIX M) iða o (zi ony- mj -iea] (20) 


To teat the hypothesi- in (4), the similar region must be built out of the intersection of 


the surfaces 


ay = a constant (i, j = 1, 2, ..., p), 
(21) 


X, = a constant (i = 1, 9, ..., p). 


The critical region w’ of size « having greater resultant power than any other region of 
the same size will be given by 


f uu IEUAN... db, > "fus fle, MAPA... dey D 
Ais A3 


on the surfaces (21). ] 

If we now make a linear transformation of p krata which will, of course, keep 
invariant (20) in form such that o; = 0 (ij) or 1(i = j), then on the surfaces (21) the 
left-hand side of (22) will be an increasing function of T? where 


sg (23) 
and y's are the new variates corresponding to x'e. = 


Let us try to evaluate T". Consider the sample space W consisting of two ortho- 
gonal spaces Wn, and Wn, ofn, and n, dimensions respectively. The sample X from 
population II, will be represented by p points P{i=1,2 ..., p) in Wn, P; having the 
co-ordinates (zi, Tiss... Sini). Similarly the sample €' from population II, will be 
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represented by p points P;(i=1,2,..., p) in Wn, Let OE and OF’ be the equiangular 
lines in Wn, and Wn, respectively. If the feet of the perpendiculars from P; and P; on l 
OE and OE’ respectively be denoted by Q; and Qi, then let us concentrate on the 
2p vectors ÖZ, ÖZ;(i = 1, 2, ..., p) respectively parallel and ‘equal to P;Q; and PQ,, 
2p vectors OQ, ÓQ;(i = 1, 2, ..., p) and.the equiangular lines OE and OH’. 

Find the resultant of OQ;/ yn, and OQi] 4n, aud denote it by OR{i=1, 2, ..., p). 
Then the projection OY; of OR; on the external bisector OA oi OE and OE' will have the 
co-ordinates of its end-point as | : 








Ac. ACE A EO, ää) 
2yn, "S9yn, yn" Bn, 
whence m E ne 

OY,.OY,; = t(z;-2(z,- 2). (24) 
Also get the resultant of OZ; and OZ; and denote it by ÓV,(i=1,9,...,p) whence we obtain 
OY, Ov; = Tai4. . (25) 
á sáð find the resultant of OV; and Neu e aða Jo, and denote it by ÓT;(i—1, 2, ..., p), 

then AAI i 
07,.07, = ay. (28) 


Let us denote the foot of the perpendicular from A to the space formed by ÓT,, OT,,..., OT, 
by L. Denote the angle between OL and OA by e and that between ÖL and OT; by 


y(i— 1,2, ..., p). 
Now make the linear transformation and denote the corresponding points and 


vectors in the image space by the same symbols. Then it is easily seen that 


* "x T! = Siy = cos? o? OT; cos? V4]. 
Since we have to build up the region out of (21), i$ comés out to be given by 
NN copak ; (27) 


and since cos? $ is invariant under all linear transformation and is equal to D,’, the proof 
is complete. 

The property noted above makes this test, as a particular case, uniformly most 
powerful among those tests which involve the single parameter A* in their power lunotions 
(Simaika, 1942). : 

5. The parameter A? as a measure of divergence. ‘Bhattacharya (1948) defines a 
measure of divergence between wo populations when the variates in one are 1n one-to-one 
eorrespondence with those.of the other and the parameter A? comes out as such a 
measure of divergence. 

This measure has got many elegant properties but it does not necessarily come into 
the power function of a test of the corresponding null hypothesis. As everywhere one has 
to proceed to measure divergence after applying tests of significance, it suggests itself 
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` 


that the power function which measures the detectability of departures from the null 
hypothesis should be taken into account in defining a measure ot divergence. | 

So a suitable test has got to be found out in the first place for the null hypothesis 
under consideration. The equi-detectable contour as function of the parainetors ‘inde 
pendent of the statistic defines a measure of divergence. In this way also A? comes out 


as a measure of divergence if D?-statistic having the optimum ‘Properties noted above is 
used for test of ‘significance. P s 
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ON THE RELATIVISTIC ANALOGUE OF EARNSHAW'S THEOREM 
ON THE STABILITY OF A PARTICLE IN A 
GRAVITATIONAL’ FIELD 


Bv 
8. Darra MAJUMDAR 


(Recesved March 10, 1948) 
x INTRODUCTION 


In the Newtonian theory of gravitation the equilibrium of a particle in a gravitational 
field cannot be stable. ‘This is known as Earnshaw’s theorem, , The theorem applies 
also to an electrostatic field. Strictly speaking such sja may be stable for 
certain displacements, but there would always exist displacements for whioh it is 
unstable. The entinciation of this theorem ın general relativity is beset with difficulties. 
For if the particle be at rest in one system of coordinates it will be in motion in another 
system, Equilibrium in the theory of relativity is as much a property of the coordinate 
system as of the state of motion of the .particle. Nevertheless it is pertinent to 
investigate if the content of Earnshaw's theorem can be enuncialed in a suitable form. 
We shall consider here only a static gravitational field. . In such a field a definition of 
equilibrium is more natural and easier than in a general field. We shall show below 
that the proper coordinate system in which Earnshaw’s theorem can be enunciated in a 
static gravitational field is one which is locally Galilean, as one can really expect. 
Gravitational phenomena described in such a system of coordinates will agree with the 
findings of a local observer io his immediate neighbourhood using his proper time and 
proper distance. 


INTRODUCTION OF LOOALLY GALILEAN COORDINATES ON THE GEODESIC 
OF THE PARTICLE AT REST 


We define the static gravitational field by the line element 
dg! = ga da, dz  g, dt 
= —gydada,+g,,at?, (i, k= 1,2, 8), (1) 


the coordinate-system being so chosen that gia = 924 = ja. = 0 and the metric tensor 
is independent of 1. 

We consider a particle to be at rest in thus gravitational field at the point P with 
coordinates 2, = a, £, =b, zs, — c. The four-dimensional geodesic B of this panticle 
is a line through (a, b, c) coinciding with the time-axis. For this particle at rest 
in space f 

„ 4—-1618P—2 


t 
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gi, being a function of a, b, c only is constant on this geodesic. It will be no loss of 
generality to assume that on this geodesic g,, = 1, and so dt/ds = 1. 

At any point P on this geodesic we introduce locally Cartesian coordinates in space 
80 that gu = ða and Oga/Oz, (i; k, 7 = 1, 2, 8) all vanish. Since 


Qn the geodesic B, its differential equations reduce to 
E d? - (44, Mr) = Y 
d 
" T CN MN REPE Tt 
c 144, i a(S) =0, A 0 | 
whence ; 3 » 
"#44,i} =0, (i =1, 2, 8) : ,0 
the first equation being satisfied identically. : | " 
',. From equation (2) we obtain . 
es : Wis —0, “Gi = 1, 2, 8). “an be Se so 00) 


shal La n $ ge. 


~ " Thus we find that on introducing locally Cartesian coordinates in space at any point 
on the four-dimensional geodesic of the particle at rest we obtain a coordinate system 
which is locally Galilean all along the geodesic. It may be noted thal equations (8) are. 
invariant with respect to arbitrary transformation of space coordinates, ‘since Byes | Oa 
behave hke the components of a covariant vector for such transformations, : 
Conversely, it can be easily shewn that if the line element of a static gravitational 
field be given in the form (1) and if at a point in space 0g,,/0z,, (i — 1, 2, Bh vanish . 
then that point must be a point of equilibrium, 


ROME PROPERTIES OF THE RIEMANN-OHRISTOFFEL TENSOR ON THE 
` GEODESIC OF THE PARTIOLE AT REST 


_ We next show that in this coordinate system a number of components of the 
Riemann-Christoffel tensor (briefly R-C tensor) vanishes on B. Since Christoffel’s 
symbols all vanish along B. this tensor can now be written as 


Soy , Ogu — O'ga | O* gui ). 
(ana Oz,Or, Gæði 62,02, 


i H none of the suffixes i,j, k, lis 4, then EIS ipee. T 
i ` Bim =- Bym (i,j, k, l= 1, 2,8), i {4) 


e+ 





E == 
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Qi) If only one suffix is 4, then 


' Bau = 1 (San. - Sop) = 1.9 (9m Sen a0: 
2N0z,03, Or Ow 2 0z,XOx, Oz, 
All such symbols are, therefore, equal to zero. 
(ii) Lf only two of the suffixes are 4, then 


1 eg : 
`B EIL aa: KC Á 
skl 9 82,02; . (5) 


Hence the components which do not necessarily vanish are 


ea 
` 


Ba Bann Buro Bg. 

(iv) Components with three suffixes as 4, of course, all vanish. 

It ıs, however, possible to make'those of the components Bam etc. mentioned in 
(iii) for'which k sl vanish by an orthogonal transformation of space-coordinates. For 
linear transformations of space coordinates the components Bam, (k, l, = 1, 2, 8) will be 
transformed as a symmetrical tensor of the second rank. Hence it will be possible 
by an orthogonal transformation to pass on to a coordinate system in which: Bart, 
vanishes when k +1. Moreover, it is easily seen that any such linear transformation of 
space coordinates leaves the components g,, (i= 1, 2,8, 4) as well as the locally 
Galilean character of the coordmates along B unaltered. Thus we can make use of a 
coordinate system in which i 


y 


= Í Yu . kel hla, 
Ba 2 Seiður 0, for T > f, 1, 2, 3. ‘ (6) 


Hence in this coordinate system the only independent components of the R.C . 
tensor with the suffix 4 whioh may be different from zero are 


Ban, Bas Bass 
All these reductions have been made simply by suitable choice of our coordinate | 
system. - 


CASE OF EMPTY SPACE 


We will have further reductions in the number of non-zero components of the R-C 
tensor on account of the properties of the gravitational field in empty space. Taking. 
the field equations for empty space in the form 


Ga = 0 
i.e., neglecting the cosmological term A, and expressing the Einstein tensor Gy ih terms 
` of the R-C tensor, we obtain the following relations at any point P on the geodesic B : 


0c G,-— g*B ii == Baam Briss + Bris 
02 6G, = g*Bia = — Bgg33— Baar t Baa (7) 
“i 0 = Gas = gf Bask = — Basi — Basse + Bassa, i 


0 = Gu = o* Baath = — Bui Bua Baas (8) 
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0 = Gis = g*Byuu = - Bias + Bua 
0 = Gs = g Bg = — Bau + Bassa (9) | 
02 Gy = gt "Bank = — Brot Bar 
From equations (7) and (8) wa obtam the important relation 
Birsa t Baass + Basu = 9. . : (10) 
Using this relation equations (7) ean be written as 
Bait Bazas 0, Ì 
Bast Basir = O, - (11) 
Bass Bj = 0. 


‘All these relations hold even if we do not use the coordinate system in which 
equations (6) hold. In the latter coordinates, however, we have, from equations (9), 
` Bssia = Binas = Baas, = 0. 3 : (12) 
From equations (0) (11), and (12) we see that in the coordinate system we hava 
used the only independent components of the R-C tensor which may have non-zero 
values are 
Bass Bassa, Bar, and Ban Bas Bass 


and they arg cted together by equations (10) and (11). 

D as express the three components in equation (10) in terms of curvature m 
spacé. In an n-dimensional space if u* and v* are two unit vectors defining two 
directions at a pomt P then the Gaussian curvature at P of the geodesic surface 
determined by u* and vf is given by the formula 





1 
Ex cA (13) 


where a is the angle between the vectors u* and v, Tn our three-space if the coordinate 
axes be so chosen as to coincide with the principal directions of curvature then we 
shall have 


B 
and, therefore, 
. By = Bansi = Bun = 0. 
Equations (9) then give 

Br = 0, for ik, 


From this we see that the above choice of the coordinate-axes in space is equivalent 
to the orthogonal transformation adopted before. 
The principal curvatures are, by (13), 
K, = B ssas» K; = Bys. K, = Bina 
On account of the equations (4) we shall have 
K, = Bas» K= Bas, Ky-= Bau (14) 


The R-C symbols in the ubove equations correspond to the four-space, 
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EQUATIONS OF NORMAL DEVIATION OF THE NEIGHBOURING GEODESIO 


In the Newtonian theory equilibrium is said to be stable if for any small displacement 
from the point of equilibrium the subsequent motion takes place in the immediale 
neighbourhood of the point. In the relativistic field if the particle be displaced from P 
to á point P’ it will describe a geodesic passing through P’. The question of stability, 
therefore, leads to the geometrical problem of the .behaviour of a geodesic infinitely 
near a given geodesic, or, of geodesic deviation, as it has been called by Levi-Civita 
(1927). Stability is ensured if the geodesic through P’ remains confined to the 
immediate neighbourhood of the geodesic described by the particle ab rest at P. The 
particle will be supposed to be initially at rest at P’. In this connection we shall make 
use of the following theorem due to Levi-Civita. 


In a spaes of n dimensions let B be a given geodesic, and L another geodesic lying 
in its immediate neighb&urhood. Let the coordinate system be $0 chosen as to be 
locally Cartesian at all pointe of B (Fermi, 1922). Such a coordinate system may be 
, made to possess the following properties. ‘‘z, is the arc o of B measured from an 
arbitrary origin P upto a point Q on B; the æ;s (i = 1, 2.... n—1) may be regarded 
as the components of the elementary vector QM (Q being the orthogonal projection 
upon B of any point M in its immediate neighbourhood) in n—1 directions 
mutually perpendicular and all perpendicular to B chosen arbitrarily at P and carried 
by parallelism along B." In there coordinates if z, be a point on L then the behaviour 
of «L is given by the following equations i 


ji d?z, 
da? 





nol = 
= — Sa Bnanða, i= 1, 2, did 3g (n —1).: è 2 (15) 
1 ^ 


Now ' 
Bran = JÝBnan = 9" Baanis (not.summed). 


D 


In Einsteinian four-space the formulae, therefore, become ` zs 


dej 8 3 ` : 
Te = Zia Bana = 7 Za Buaita i — 1, 2, 8. (16) 


If we substitute the values of B ,,5; from equations (5) the formulae become 





= 144. i= " 
os -19 2% ta, i=1,9,8. f (17) 
In the final coordinates used in equations (6) they reduce to 
d'y 1 9'g., m 2 20. 
rr E Ba Zi „a summed), i=1, 2,8; (18) 
or de, ^ $ . 
us -Bii (not summed), i= 1, 2, 3, (19) 


' with the condition (8), namely 
Bait Punt Bus = 0. 
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In view of equations (10), (11), and (14) the formulae (19) can be' written in the 
equivalent form 





s Kg, (not summed), `i = 1, 2, 8, i l Bs (20) 


with the gondition > ` ES EQEKQ— 0. coc l (21) 


E E MM EanNsHAW'S THEOREM 


From equaiions (20) and (21) we deduce Earnshaw's theorem. For in order that 
equilibrium may bo stable at P the a 8 must remain permaneatly small, the condition 
for which is tbat E K,, K, must be all negative. But if they are - all negative théir 
dum will not be zero as demanded by equation (21). dt ‘the three “quantities are all zero! 
then we see from equations (11) and (14) that áll the components of the R-C' ten&ór 
vanish, and’ therefore, space-time is locally flat in the neighbourhood of P. Equilibrium 
at P- is then neutral to the firsb order. The outcome of áll these discussions is that 

- equilibrium of a particle in a static gravitational field may be either neutral to the first 
orðer or unstable, but can never be stable. e A NU. 
~ It should be noted that equations (18) and-(19) are more general than equations 
(20). Equations (20) hold only when we take the field equations in empty space in the 
. form Gg = 0" neglecting the cosmological term A. In discussing the question of 
stability of a particle m the cosmological models the formulae can bé used only in 
the form (18) or -(19) but not in the form (20). For example, in the Einstein Universe 
equilibrium is neutral at every point though space is curved. T 
Equations (20) and (21) imply that at every point P of m in a static 
gravitational field there are’ at least three mutually perpendicular directions for a í 
displacement along which the force will be directed either towards or away from P. 
These are the three principal! directions of curvature in space. And, unless space-time 
18 locally flat in the neighbourhood of P, there will be at least one direction in which the 
infinitesimal „motion will be simple harmonie, and at least one direction for which the 
forte will be directed away from P. If. two of the. quantities -K,, K,, K, are equal then 
for all directions on the geodesic surface determined by the corresponding principal, 
directions the force per unit displacement from P will be the same and will be all 
directed either towards or away from P. In empty- space the three quantities K,, K,, K, 
csrinot be equal unless they are-all zero (e:g., at, the,centre of a uniform spherical shell), 
Information about curvature in space-time is thus obtained from the irreducible 
gravitational field that remains in the neighbourhood of a point even after the introduction 
of locally Galilean coordinates at that point. In fact equations (20). provide us with a 
means of measuring the curvature of space near a point of eq silibrium. 
. All these results beur a perfect resemblence io electrostatic phenomena in the. 
neighbourhood of a point of equilibrium, the component g,, playing the part of the 
electrostatic potential g. For, according to (8), 
2 1 
a’ oe +o yos 


1 
pt Bat Bant Bias = a Seg 8z, Oz, 


M 


\ 
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. and, according to.(8), -= = Eu . — (cS Lua Us Woo ne 
Chas = 0, i= 1,2,8. OT Ma ] T 


"Again in the neighbourhood of a point ef equilibrium iñ an electrostatic field - ^ 











t T 099 9 1 Ov ems ik of higher order,- 
i 2 pam "s 
whence the force . s EN NS s i 
LOU emu ^ Uum - 


neglecting terms of higher order. These aT for the a are » perfectly A 
to those in ‘equations (17), and in combination with Laplace’ 8 equation they lead to 
Earnshaw's theorem in electrostatics. : : 


Tux CASE WHEN “SPACE IS NOT EMPTY 


1t g A in ab P, Man taking the field equations in the form 
Gage ee | a 3 ug 
and carrying i odi the caleulations we ‘get the following relations at P: " Vw 
Biss + Baas + Basu = 850 ` 
Therefore, by (14), aa 3 f 


K,+K,+K, = 8re>0 , 
and 

- fV'gu = Arlo t Past Pyy t+ Pas) 
where Pax etc. nre the stresses. This differs from Poisson’s equation by the additional 
- terms 4z(Pz--P,,4P&4). Comparing with equations (18) we see that, since e>0, 
ib is possible to have stable equilibrium when space is not empty at P. Also, 


Bssia— Baars a BrP xy, 
: Bias Bass = 8aPys, 
i í . Bassi — Basi = 8rP r. 


Directions of principal curvature in space, therefore, may not coincide with the principal 
directions of stress. - 


STABILITY OF A’ PARTICLE IN THE PROPOSED COSMOLOGICAL MODELS 


Since all points in the proposed models are in a certain sense equivalent it is 
sufficient to discuss stability at the origin of space coordinates. 
(a) Hinstem Model. Taking the line element in the isotropic form 


5 1 

- irse (0 + deat + day’) + dit 
we see that the first derivatives of the gy all vanish at the origin and, therefore, along 
the geodesic z, = £z, = z, — 0. Hence the coordinates are locally Galilean along the 


^ 
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geodesic. Further, since Jas is a constant, we see from equations (18) that the origin 
is a point of neutral equilibrium. H 
(b) de Sitter Model. We take the line element in the isotropic form 


A ns 1 . 2 2 2 RE " ) 2 
de = — ng (as des *dz) (1 privo) a 
All the first derivatives of the g vanish at the origin. Also 


e ; 0794, 2 ; 
m 0, for ik, and m cogor i=1,2,3. 


Hence from equations (18) there.is a fcrce of repulsion proportional to distance from 
-> the origin, the force per unit displacement being 1/ R?, 


These well-known results enable us to verify our calculations, 


The question of stability of a particle in the non-static models has alo been 
investigated and will form tbe subject-matter of another paper. 

In conclusion I wish to express my thanks to Prot. M. N. Saha, D.Sc., F.R 8. for 
his constant interest and encouragement in the work, and to Prof. N. R. Sen, D.Sc., 
Pu.D., for his kind advice and eritieism during its preparation for publication. 
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RADIAL OSCILLATIONS OF A ROTATING STAR - 


By > 
P. L. BHATNAGAR 


{Received March 99, 1946) 


1, Cepheids, in general, possess rotation and consequently do not preserve a 
strictly spherical shape. With a view to study the effect of rotation on the period of 
pulsation, I considered the radial oscillations of a slowly rotating homogeneous star 
elsewhere (1940). In the present note, I have considered the radial oscillations of the 
Stellar model in which the strata of equal density are similar spheroids and which is 
uniformly rotating so that at any given instant the angular velocity is same throughout 
the mass. 

2. Taking the axis of rotation as z-axis and neglecting the square of radial velocity, 
the equations* of motion in the polar coordinates are: ` s 


+ 


bu ED a A 25:142 i ii 
de Or par + ræ sin? 6, (1) 
= OV _ 19P 4 pusing coso, (2) 
að að 
_ ldo , 2dr 
a sa l s 


where p, p, V are the pressure, density and potential at any instant t at a point (r, 6, o) 
and w is the angular velocity. The suffix zero will denote the undisturbed values of 
these variables. Lét ` 


To tit), p= Poll +P,), (4) 
p = Poll +p), o = wohl + w). 


Then the equation (8) gives 
w = —2r,, ' (6) 
It, at any instánt, the angular velocity is same throughout the mass, w, and hence 
7, is independent of spatial coordinates. ` 
If the oscillations are adiabatic 


Pi = YP (6) 
where y is the ratio of specific Heats. 


dr 





dr " 
[ ud =0, = 092; z = 
a’ ao Ip pn a 8, 86 96 
$—1615P—9 
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Let a and a(1—«) be the semi-major and semi-minor axes of the meridian section of 
the spheroid, where eis the ollipticity. Neglecting the square of the ellipticity, the polar 


equation of the surface is 
t r = a(1— ecos? 6), (7) 


the approximation being valid as, according to Clairaut’s theorem,on rotating bodies. 


e œ w j(2rGp), 
where p is the mean density. 


Let a,, Go, a,(1—6) be the the semi-axes of the spheroid passing through the point 
(r,, 9, $) and let these expand to a, a, a(l—«) respectively. The volume of the thin 
spheroidal shell of semi-axes a, a, a(1—e) is 4rAa*(1—«). where 


à m Mor £ 
&. T 


Hence, if p denote the density of the spheroidal shell and p, its undisturbed value, from 
ihe conservation of mass, we have 


pall- 6) Í = pa, 
To T 
_ which with the help of (7) reduces to 


poro! dr, = pr*dr (8) 
or 
p/P. = (1—8r). 
Henee . 
Pp, = —8r, and p, = —Syr, (9) 
. The potential V of the spheroid at an external point (r, 0, ) is given by 
V= (8M, a 343— SMe) (cost g— 1), (10) 


where M is the mass and A, A(1—e) are semi-major and semi-minor axes of the surface 
of the spheroid. As the attraction of a spheroidal shell vanishes at an internal point, the 
value of the potential at an internal point (7, 6, $) is given by 


V = const.+ GM(r) + s (Jota - SMO (cost 9-1), 
T 13 A2 ü 3 


where M(r) is the mass of the spheroid through (r, 6, ¢). The value of gravity at (r, 0, ¢) 
is given by 





ƏV | GM 2 8 (Lota TN - GM) (oss 9-1) 


Blu niu 
= ee . 25, (9 cos? em] 11 
T = l+esin Ot Samar (11) 
" SM an, 9(cos? NUNT 12 
Io “a2 l+esin 6+ ^ 929GM(n) , ( ) 


where M(r) = M(r,) due to conservation of mass, 
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From (11) and (12) we get 


Lat 8co8*0—1 , {(2 (2 t H 
g P i 2GM(r,) o fo og Á ag 


8 cos? 0—2 
= 1=1,(2+ tr? TROC] P 2 (18) 
Using (4), (5), (9) and (18), the equation (1) reduces to : A 
ar, o [2 of 38 cos? 0—1 "n ated ] 
uec cnp (8y —4) — w To EM) t (5 —8y)u,* sin? 6 (14) 
and 18 
zy in? @—g, —— OD» 
Wo To BID go ri ar,” (15) 
which is the equation of relative equilibrium in the undisturbed state. 
Equation (14) gives the frequency c of oscillation : 
2 — Jo = = | E 2.45 
"=g [ey Aor Sy ] * 679a sinto 
a 2 
Gary (16) 
since the mean density p, of the spheroid passing through (r,, 6, $) is given by 
Po = SM Co) f1 —e(8 cos? 8—1)]. 
Amr TS 
Taking the average value of c? over the surface of the spheroid, we get 
4n ið 
að = g 8Y Gpo + ,(5—8y)uy*. TE (17) 


3. It is evident from (16) that the frequency c depends on p, and 6. In order 
that the period may be same throughout along a radius vector the star should be homo- 
geneous or possibly the variation in its density 1s small being of the order of fourth or 
higher power of the angular velocity. To get the cualitative idea of the effect of rotation 
on the period of pulsation, the average value of the frequency is obtained in (17). From 
(17) we may conclude that the rotation decreases the period of uniform radial oscillation of 
the model if y «8, Itis interesting to note that an expression similar to (17) has been 
obtained by Ledoux (1045) by a different method but from his treatment one cannot fully 
realizo the physical nature of the result. 

ST. STrBeHEN'8 CornzaGh, í 4 
Daun. ` 
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‘ ON SOME PROPERTIES OF COMPLEX OPERATIONAL MATRICES 


By 
N. N. Gnosg 


(Received April 8, 1946) 


The operational matrices treated in this paper are those derived from one of the 
special type 


De = È Chin Sh (1) 
i= ! 
where the e’s are matrix units and £; denotes the linear differential operator 
IS 8 3 ) . i 
+i], t= ¥(-1). (2) 
57 9g a 


The symbolic Hamiltonian operator V in a real space of three or higher dimensions 
(Wedderburn, 1984) is evidently an analogue to it and instances occur in this paper where 
a known result is generalized for a complex space of n dimensions. The n-dimensional 
complex space is here conceived as one accommodating 2n co-ordinate vectors, half of 
which are real and the rest imaginary, so that an arbitrary vector in this space may be 
defined by means of 2n real co-ordinates. 

Associated with (1) we have the matrix 


n D : 
X= È jrin p By = qj +IP), (8) 
is 
satisfying the relations 
* z 
D,X! = Zea = U, 
je 
" (4) 
DX = 
where the bar indicates simply the complex conjugate and the + the transposed with 
complex conjugate elements, so that the use of both the signs will indicate the 
transposed only.  - d 
The present paper is concerned ohiefly with some typical formulæ jáðioslíðg equi- 
valence of matrix operations in a complex space. The laws which govern such ' operations 
are characteristi¢ of’ the way in which the matrix unis are introduced in (1) or (3). 
Based on a particular set of formule, a matrix representation of the conditions for a 
contact-transformation is also included in this paper. 
Let dX denote a differential of the matrix (8), then it is easy to verify the equi- 
valence of the operational matrices , 
ax' D, + aX! D, = e,d, (5) 
where d stands for the operator 


8 
dp,—— 
3 (i. an! Pa 


- 
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Consider now the matrix 
A = * Bjr lj A= m; t il, (6) 
geal 
where my and l; are single-valued real functions of 2m variables (q, p), continuous ‘and 


differentiable partially with respect to q's and p's. We shall call A as a function of X. 
Applying (5) to At we have for n linear displacement in complex space (Swuik, 1934, 


dA! = àx (DA!) « àX (D,AP), (7) 


where omitting the summation signs, as being implied by the use of repeated suffixes 


P x — 
DA’ = Oj, 1,41 CiU D,A' = bja pex Ejðk. (8) 
This summation-convention will be adopted in-the rest of the paper. 


It follows from (7) that higher order differentials of A, expressed in terms of those of 
X, contain the matrices (8) and those derived from them by the repeated application of 
the operational matrix of the diagonal type. _ 
Í A, = 654,540. : ` (9) 
Let us next define a transformation, from the sel of 2n variables (q, p) to another (v, u), 
by means of the 2n mutually independent equations 
gj = Qis -o ar Vay Up ess un), | (10) 
Pj = pv. eg Um uy ee ey Un); J 


where the single-valued functions involved are real and continuous together with such of 
their derivatives as enter the discussion. It is understood that in the domain under 
consideration the transformation is reversible. : 


Introducing now the matrix 


Y = Cin Ys Ys = Vg ties l Š (11) 

and the associated operational matrix á 
1/3 a ; 
Dy = Of. "7 slö t x) 7 (12) 


we can also express (7) in the form 


dA! = àY' (DA!) e dY (DA). - (18) 
We have, in fact, the relations j 


D,A? = (DyX*)(D,A*) + cd » 


D,4! = (DX DA!) (DX! (Dad!) 
Putting A= Y and using (4), we get from the above 
V, = (DX 0,Y*) ORDY"), 
i Dao a (DO Dy! (ið) 
0 = (D,X")(D,¥')+ (DX hY"). 





A 
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Further, the operational matrices D, and D, aro connected by means of the equations 


b, = (D,X')D, 4 (D,X' JD, l 
or (16) 
D, = (D,Y')D,4 (D,Y')D,. | "ET 
The equations (14), (15) and (16) are analogous to the corresponding formule of the 
Differential Calculus. By an extension of (5) to include differentials of several independ- 
ent matrices of type X one obtains formulæ analogous to those involving partial derivatives. 


3 The matrices (8) are of the general type 
= ejti, k+ Oky (17) 
where o's are functions of (q, p). To distinguish particular types; such as symmetric, 
skew-symmetric, Hermitian and anti-Hermitian, we shall make use of the symbols 
Qa, Quas, On, Ong respectively, 
Since 4'Q is of type At we can apply De to it and the result is expressible in the 
form 


: D,(A'0) = (D,A Q4 (ADI) ta, (18) 
where the new operational matrix involved 15 
QD esu  < (19) 


As regards its properties, we note the following: 

(AD})'B = (D,B')4 = D,(A B)--(D.A')B, 

{(AD.)'0}B = (BD) 0^4, 
UAD! = [AD Y, 
axttaADhy o «aX TADH O = AtA Q. 

We observe that (19) can operate on any matrix, either of type Á or Q, yielding a matrix 
of the same type, so that the operation may be repeated without any change in the 
operand. 


When D,-operates on a matrix of type 6,,, the resulting matrix is of type Á. Let 
Á, denote the matrix 


^ 


(20) 


Ag = 64:0, dy = motis, (21) 


where nu, Í, are functions of (q, p). Then a matrix A of the form D,A, satisfies the 


equation = 
D5- (DAt = 0. . (22) 


D,(A,B') = (DA )B' + a,(D,B!), (28) 


where a, serves as a multiplier to every element in D,B! . 


It may be noted that . 


4. The operational matix Di can operate on a matrix either of type Á or of type Q, 


1f, in particular, Á is of the form n "E 
k A = (Di Qu) (24) 


it follows that ‘ 
DIA = 0. (25) 
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Some o: the properties of p aro noted below: 
D:(BA,) = (DIBA, + B'(DeA0), 
UTILE T IER UR 
D.(AB')- (D,A)B +A (DB), . (26) 
Diaa) = (Dinas atta, 
The new operational matrix involved in the last of the above is 


(Q'D3! = e, says bs, (27) 


which 18 connected with (19) by means of the third equation in the set (20). It may be 
noted that when the operand is Á, the result of operating by (27) simply obtained by 
multiplying each element of {2 by the corresponding element of D,À!. Let us consider 
next the evaluation of 


e Da) 04, (28) 
which is equivalent to j 
€1,1«1 9jk & og. (29) 
If we write 9 
vj £j wi = gl, k, j] + deos osi), 
where 


[5 5,j] = K(Erouct Leon Ero), 
then it follows that 


(QLD) OF, = Ei, wyll, k, il t (Dleta OSE wjt). | (80) 
If in particular xr cle " 
= (D4À ) a D,A n 


the expression [l, k, j| vanishes and (80) is further simplified. We give below .a set of 
formule involving successive partial operations : 


Di(D,4 = DDA), 

(AD!y'D, = (4! D,D ; 
DNAD)? = (AD Da) + (DA D, (81) 

DiDaA!Q) = (DID,A jo (D,4')! Dy Q+ D (ADS Q 
| (4x DI! DA! + (AXDl)DuA! = A,(D,4!). 

5. Let us next pass on to the matrix treatment of the contact-transformation. 
We start with the definition that the transformation (10) represents a contact-transforma- 
ee ay'sy—a¥'sy = ax'sx—axtax, (82) 


d and ð being two independent differential symbols. Expressing the above in terms of 
dX and SX by means of (7), the conditions for a contact-transíormation can be 
represented in the form 

(Da «Y! - (Y!) Y = n 
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The above equations, by virtue of (15), lead to the conditions 
(Dar) = DX, — 
D (DF) = p 
An alternative form of (88) is then expressed as follows : 
(Da Yh q.v!) - (Bay)! (Bart) = uU, |. 
(D,Y* (5,5) - (Day!) (DF!) = 0. | 


' (84) 


(35) 


Let us denote (D,Y!)! and (D,Y')! by ® and V respectively, then 


(EH = 2645.1, k+ ks oe! = eg ashen ert | 
: (86) 


ii 


P+F = 265, , bar kt, (Dose Riej, 1, ber Ee U \ 


It may be seen that the conditions for a contact-transformat'on involving Poisson bracket 
expressions are given by the following : 


] (5 — vw)! - æt) - conj. = 0, 
^0 (D)! - ÞÚ) conj. = 2U,, 
(b — (b! +T?) + conj. = 2U,, 

(64+ E) (b! 4-93) — conj. = 0, 


(37) 


which follow from (35). 


The Lagrangian bracket expressions are, on the other hand, involved in conditions 
written in the form. 


(b! — 9 )( 15) conj. = 0, - 
' (pi gr (V) conj: = 2U,, 
NECARE l . (88) 

(D —W')(@+ WV) + conj. = 2U,, 


(b! + Ft) i 4) — conj. = 0, 
whieh follow from (38). i 


A matrix method of obtaining further results in this connection may be of some 
interest. 
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This paper is an outcome of a number of papers (see references at the end) written 
by Prof. F. W. Levi. Levi (1944a)* has shown that for every group there is a 
* characteristic integral number M, and has also proved that the values of m for which 
the mapping {m}—i.e., the mapping a—a™ 1a an endomorphism for the group satisfy 
the relation m(1—m) = 0 (mod M), that is, they are idempotents of the residue classes 
mod M. The-values of M and endomorphic {m} in L-groups (Levi, 1942) and S-products 
(Levi, 1944b) of two groups are investigated in § | and § 2 respectively. In § 8 
it is our aim to find out those values of m for which the mapping {m} is an automorphism 
for the group. 


§ 1. VALUES oF M IN L-GROUPS 


Let {m} denote the mapping by which every element a of a group G is mapped 
on its mth power a™, and let M be the smallest positive value of m such that {m} maps 
G endomorphically on an Abelian subgroup. A group has been called An L-group if the 
associative law for the commutator-operation ( (a, b), c) = (a, (b, c)) is satisfied whenever 
two of the elements a, b, c are equal. We shall here find out the admissible values of 
M and endomorphic {m} in groups of the above type. The results are given in the 
following propositions: 

(I). To every positive integer M, Æ 2 (mod 4) there exists an L-group for which 
M = M,. 
(II). Forevery L-group M Æ 2 (mod 4). 

(III). For every L-group the endomorphic {m} runs over all the idempotent 
reaidue classes mod M. 1 

Lemma: The above propositions hold for L-groups generated by two elements. 

Proof of lemma:. Let L, be an L-group generated by two elements, say a and b. 
We know that every element of L, can be represented by an ordered triad of integers 
with the rule of composition 

S8' = [p+p’, qa; rtr —p’g] (1.1) 
where S = [p, q; rj and 8’ = [p', q’; r’] are any two elements of L}. Hence 
(S8^* = [kip +p’), kata); k(rr'—ap? -4k(&—1)p* p (a * ^] 
SESE = [k(p- p), klara); k(r*r)—&k(k—1)(pg + v'q') —?ap']. 
Now {k} is an endomorphism if and only if ’ 
I = (SS')(S*8'57* = [0, 0; &k(k—1)(qp' —pa)] 
= [0, 0; qp'—pq']6-0^ = (8, SKAÐA. (1.2) 





* We have used M in place of mg inthis paper, 
6—1615P—2 
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Hence {k} : an endomorphism if and only if u|[k(k—1)/2 where p is the order of the 
commutator (a, b) which generates the commutator-group of L,. If the commutator-group 
is an infinite cyclic group, then » = 0* and the only possible endomorphic [m] are {0} 
„and {1}; in this case M = 0. On the other hand, if the order of the commutator-group 
is finite, then „> 0. Now M must be a multiple of u; again if fcu] is an endomorphism 
where c is an integer, then {cu} maps the group on an Abelian subgroup. Hence 
M = cu, where c ıs the smallest positive integer for which p|cu(cu—1)/2. Thus 
ve have 
case (1): if wis even, M = 2p, 


Í (1.8) 
case (2): ri uisodd, M =p. 


Hence M is either a multiple of 4 or an odd number, that is, M Æ 2 (mod 4). Given any 
positive integer n, we can construct an L, having its u = n by simply taking the last 
coordinate r mod n in the ordered triad representation [p, q;r] of the elements of L4; 
hence it follows that we can construct an L, having its M = M,, where M, is any 
arbitrary positive integer 2 (mod 4). 

If m is an idempotent of the residue classes mod M, that is, if m{m—1) = 0 (mod M) 
we have in case (1) 

í m(m—1) = 0 (mod 24) 


Therefore u|m(m —1)/2; hence fm} is an endomorphism. 


In ease (2) m f 
m(m—-1)-qg 


where t must be oven. Therefore u|m(m —1)/2; hence {m} is an endomorphism. 

Thus the lemma has been established. The lemma implies Proposition (I). 

Proof of the Propositions (II) and (II1): Let L be an L-group with M = 2 (mod 4). 
Put M = 2d, where d is odd. Any two elements a, b of L generate a subgroup S 
satisfying the conditions of the lemma. {2d} is an endomorphism of S mapping 16 on an 
Abelian subgroup; hence the value of M fer S is a factor of 2d, and therefore a [actor 
of d. Therefore {d} maps (a, b) on Z and ab on aðbð. As this holds for every pair cf 
elements a€L, bEL, it follows that M is a factor of d, contrary to the supposition. 
Hence for any L-group M Æ 2 (mod 4). 

Again let m be an idempotent of the residue classes mod M; then it is also an 
idempotent of the residue classes mod. any factor of M. Hence, in consequence of the 
lemma, {m} is an endomorphism of the subgroup S. Therefore {m} is also an 
endomorphism of L 

All the propositions have thus been established. 

A group whose comniubator-group lies in the centre has been called an S-group 
(Levi, 1942). Hence every S-group is an L-group and an L-group generated by two 
elements is an S-group. Therefore the three propositions above are also true for S-groups. 





* We adopt in this paper the convention of assigning the order zero to a group element which generates 
.an infinite cyclic group. x À 
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82. VALUES oy M ror THE S-PRODUOT OF TWO GROUPS 


Let A and B be two groups whose elements are denoted by tho corresponding small 
letters. Then the elements of tho S-product A«B can be represeated in the form aby, 
where y is an element of [A, B], with the rule of.composition 


(a,b, y.) (asbzy.) = a,b b yy ya [ 05, b. (2.1) 


If fm] is an endomorpbism for AeB it is necessarily an endomorphism for both 
A and B, but the converse is not true unless 


f(a;biy (a,b zy)" = (u,b, yi)" abaya)” 
always holds. From the rule of composition (2.1) we get 


(aby)™ = arm, b1]mo-02, 
Hence the condition 


{(a,b,y,)(a,b aya) = (a,b yy)" (a,b y, 


gives after direct calculation the relation E 
[an ba] "00A = Fax, 5, 0n. EE 


Since the a's and b's are arbitrary elements of Á and B, it follows that a common 
endomorphism {m} for A and B will be an endomorphism tor AcB if „and only if 
[a, b](-1/2 = I, where a runs over A, and b over B. 


Proposition (I): When A and B aro Abelian, the three EA pinged for 
L-groups hold true for the S-product AoB, 


Proof: When A and B are Abelian, the commutator-group of 40B lies in the 
centre; hence AoB is an S-group, and therefore the last two propositions proved for 
L-groups hold true... Again, given any M, 2 (mod 4), we can obtain un S-product 
AcB with M = M, by taking as A and B two different cyclic groups of order M,/2 if M, 
is even, or of order M, if M, is odd. 5 " 


The value of M for the direct product A x B can be at once calculated from the 
corresponding values for A and B, but no such calculation is possible for the S-product 
AcB in the absence of further informations about Á and B, for the value of M for AoB 
depends upon the orders of the elements of the group |4, B]. Again [A, B] 
isomorphic to [A/C(A), B/C(B)], and the orders of the elements of the latter depend 
upon the orders of the basis elements of A/C(A) and B/C(B}. But the following 
simple example will show that the value of M for a group A does not in general put any 
restrictions on A/C(A). Let 


A= PxG, 
where P is perfect group, that is, P = C(P), and G is any arbitrary Abelian group. 
Then the value of M for A is the same as that for P, but P/C(P) e I where as 


A/G(A) = Px G/C(P x G) = Px G/C(P) = G. 
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$3. AUTOMORPHISMS OF THE TYPE {im} 


Let the mapping fn} give an automorphism far the non-Abelian group G. 

Proposition (1): {m} is an automorphism only if m = 1 (mod M). 

Proof: Ii possible, let în Æ 1 (mod M) Then í1—m] which is an endomorphism 
cannot map all elements of G on the centre, tor 1— m is not & multiple of M; hence 
we can find two elements a and b such that (a. b) 2 C 4I. But (a, by" 
= (a™0-™, b) — I. Hence {m} maps C(I) on I, and therefore it is not an 
automorphism, i 

The trivial case m = 1 shows that automorphisms {m} actually exist. The condition 
m = 1 (mod M), that is, m =kM+1 is nob sufficient for automorphism, because for 
some values of k, kM +1 may be divisible by the order of one or more elements of G. 


When G is Abelian every fm] is an endomorphism but it is an automorphism if and 
only if it is not divisible by the order of any element of G. 


For any group G, {kM +1} is always an endomorphism; it is an automorphism if 
and only if aM+i ÆI for every aI. If a+! = I, then a = (a:*)M, that is a CZ, 
where Z' denotes that subgroup of the centre on which the whole group is mapped by 
{M}. This shows that whether (KM +1} is an automorphism or not depends only upon 
the orders of the elements of Z. If Z' contains only the unit element I, then 
every (KM +1} is the trivial automorphism {1}. From the value of M only it is not 
possible to decide whether a particular {kM 1}, k 3:0, 1s an automorphism or not. 
For example, let some {kM +1} be an automorphism for G. Consider the group GxA 
where Á is a cyclic group'of order kM+1. G x Á has the same M as G, but {kM +1} 
is nob an automorphism for G x Á. » 

Proposition (I): {kM+1} is an automorphism for G if and only if it is an 
automorphiam for Z'. | . 

Proof: By {kM+1} an element aM€Z' is mapped on (aM)! = (qM -H)N EZ’, 
Hence an automorphism {kM+1} of G is an automorphism of Z’. On the other hand, 
we have already seen that 1f a+! = T, then a € Z. 

.From the above proposition we immediately get the 

CororLary: If Á is the subgroup of elementa (of Z’) mapped on I by {kM +1} then 
{kM +1} is an automorphism for GJA. — . 

Let q be the L.C.M. of the orders of the elements of Z'. We shall put q = 0 if Z’ 
contains any element of order zero, or if there is no upper bound of the orders of the 
elements of Z’. ` 

Proposition (III). Two mappings {kM +1} and {k'M 41} are not different if and 
only if k = k’ (mod q). 

Proof: If {kM+1} and {k’M+1} give the same mapping then at! = qM! for 
every element a € G; that is, (aM)*-* = I. Therefore ch’ = I for every element% € Z’: 
hence k—k'z:0 (mod g). Conversely, let k—k'z0 (mod q); then (a!) =I for 
every a€G, Therefore M+ = qM +1, 

We now confine our investigation to those groups for which q 2» 0. 
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Proposition (IV). (kM -- 1] is an automorphism if and only if (kM+1, q) — 1. 

Proof: The order of any element of Z' is a factor of q, and corresponding to any 
factor of q there is at least one element in Z’ whose order is equal to that factor. 

Proposition (V). In order that every {kM+1} may be an automorphism it is 
necessary and sufficient that no element = I of Z/ has its order relatively prime to M. 

Proof: Suppose (M,t)- 1 where ¢ is the order of some element a €Z’. Then 
we can choose two integers f and g such that fM —gt — —1. Therefore a+! = at = I, 
showing thereby that there are values of k for which {kM +1} is non-automorphic. 
Conversely, if every prime-factor of q is a factor of M, then (kM +1, q) = 1 for all 
values of k. Hence from Prop, (IV) it follows that every {kM +1} is an automorphism. 

The last proposition together with Prop. (III) gives the result that if every prime- 
factor of q is a divisor ol M, then the total number of different automorphisms fn} is 
exactly equal to q. This result is a particular -case of the next Proposition 

Let q = q,g,, where q, 18 the greatest factor of q relatively prime to M, and N = the 
total number of different automorphisms {m} of G, ; 

Proposition (VI). N = qi9(q,), where o(q,) denotes the number BR integers not 
greater than and relatively prime to qa. 


Proof: Leb q, = pi p, ... pf“ where the p’s are different prime numbers. The 
property (kM+1,q)=1 can only bo destroyed by KM+1 being divisible by one or 
more p’s, Since p; is prime and not a divisor of M, there is one and-only one solution 
for k(mod py) of the equation kM z —1 (mod pj), that is, there is one and only one 
integer k in each sd of p, consecutive integers for which kM +1 is divisible by pj: Hence, 
exactly q/p; values of k(mod q) become inadmissible on account of the prime-factor p;. 
Taking care that a value of k which becomes inadmissible on account of more than one 
prime-faetor is nevertheless counted ónly once we find that the total number of 
iacaneeib ie values of k (mod q) is equal to 


q 18 _-1 ER : adiutus... 
AS. 4 Jaf + =g 1) 8.1 
Py Pa PiP2 Ps P:Ps PaPs PiPaPs A PPP Sd 


mAb] 





where (fis ja, ..., Jn) runs over the different combinations of n Som out of the 
seb 1,2,...,t. Therefore 


N=q j- Siu Fo = TIG-2) = ias 


Since > ; P 
(qkiM--LyksM-H = g(k kall kk) 


v 


the product of two automorphisms of the type {kM +1} gives an automorphism of the 
same type. The commutative and the associative laws can be easily verified. * Thus 
the automorphisms {kM+1} form a commutative semigroup with {1} as the unit 
element. Now {k M +1} has got an inverse {kM +1} provided thare] is some integer t, - 


satisfying the relation too 
kkMtk +k, =0 (nid 4) 
or 
k,(k,M +1) = —k, (mód q)” -e ^ 
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Since (k, M +1, q) = 1, an integral solution for k, exists. Hence every element of the 
semigroup has an inverse; so the semigroup is a group. Thus we get 
Proposition (VII). The automorphisms {m} of a group G form an Abelian gioup Á. 
Noticing that in the product of two automorpbisms the coefficients of M combine 
according to the rule- | 
kok, = Mk,k,+k,+ k, (mod q), 


we can obtain a true matrix irn of the Abelian group A by making {kM +1} 
correspond to the matrix 
kM ^ D 
1 

where k is taken mcd q. 

Every element of Á induces an M ‘of Z', which in particular cases 
may be the identity-automorphism. Now {kM +1} will induce the identity-automorphism 
of Z if and only if g| kM, that is q/(M, q)|k. These automorphisms form a normal 
subgroup C of the group A. The order of C is evidently (M, q). Hence 


= total number of different induced automorphisms of Z' 


a N qa). ' 
index of C in Á = iM, 9) = dio) (8.2) 


But since Z’ is Abelian, the total number of different possible automorphisms {m} 
of Z’ is equal to 











iF pla) = 9(9:)9(qa) = na, say. (8.8) 
Hence n,’= 7, if and only if 

Gg #0) 
d d d. 
Gey M, = d. = 1, 2 ... n 
» 9 (qı) d,—1 d,—1 d,—1 (8 4) 


where the d's are different prime numbers and q, — Li dr . 
rom] 


Except for the trivial case g = 1, the right side of (8.4) can be an integer only when 
q, = 2° or 2'8'. Hence (M, q) = 2 or 8;-but since every prime factor of g, is a divisor 
of M, it follows that (M, D: = 2 and q, = 2'. Conversely, if (M, q) = 2, then q, = 2*; 
therefore : 


9 = M. q). 
E > pld) (M, a) 


Hence we Have : 
Proposition (VIII). The necessary and sufficient condition that the automo: phisms 


induced in Z’ by the automorphisms {m} of G are the only possible automorphisms {m} 
oj Z' is that (M, q) =.2 when q #1. 

C is a normal subgroup of A, but C may or may not be a direct factor of A. The 
following two examples illustrate both these possibilities. 


> ! 
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Ezample 1. M = 10, q = 12. BOE g x 
The values of k (mod q) tor which kM +1} are automorphic are 


0, 1, 8, 4, 6, 7, 9, 10. 


The values of k (mod q) for the elements of C are 0, 6. 
Hence C = ({1}, {61}), and the four cosets of C in Á are 


(ap (091p; (fui (71D; (#1), $1); ({41}, {101}). 


In this case it is possible to select one representative from each coset in such a way 
that the representatives form a ds (f1}, {11}, {81}, {101}) is one such selection. 
Hence C 18 a direct factor and 


TU = (n “fö x- qu. {11}, {81}, (101). 
Example 2. =6,q=8. 
The values of k i q) for which {kM +1} are autoniorphie are 


0, 1, 2, 8, 4, 6, 6, 7. 


The values of k (mod q) for the elements of C are 0, 4. 
Hence C = ({1}, {25}), and the four cosets of C in A Bre cote. i 


-qu. 5p; (m. BIÐ; (uu) pp: (9. "LE 


Since (18]? = {87} and {87}* = {18}, it is not possible to select one representative from 
each coset in such a way that the ken form a subgroup: . Hence C is not a 
direct factor of A. 

None of the above cases can be mala out by arguing that certain values of q may not 
be associated with certam values of M, for we can actually construct groups in which 
any given M Æ 2 is associated with any value: of q. "Take a group G which belongs* 
to M, that is, {M } maps G on the unit element and there i is no positive integer m«M 
such that (m] maps G endomorpbically on an Abelian subgroup. Suppose we want to 
associate some given q with this M. Let H bes „gyolic group generated by,-an element 
of order qM. Then G x H is a group satisfying the' required condition. - ous 

These investigations were taken up on the suggestion of Prof, F. W. Levi, and.I am 
grateful to him for his very helpful discussions. : 


DEPARTMENT oF PURE MATHEMATIOS, 
CaLouTra UNIVERSITY, 
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. ON THE PETERSEN-MORLEY THEOREM-II 


Bv 
° . C. V. H. Rao 


' Received April 26, 1940) 


1. A geometric proof of thé theorem 1s recorded in the last volume (Rao, 1945). 
The available algebraic proofs are either too long or ioo deep. I now give a simple 
analytic proof based on a symbolism akin to that of Grassman, and proceed io show 
that the origin of the theorem 1s a certain proposition of incidences in Sy. 

2. Start with a plane II and a Desargues’ configuration therein of two triangles 
ABC and A'B'C' m peyspective, with O for Sonte; and LMN ior axıs; with the lines 
B'C and BC’ meeting in P and so for Q and R.” 

Given such a configuration inm the plane of z, y, # it is easy to assure oneself that 
the algebraic postulation can be so fixed as to satisfy the following three sets of 


requirements. 
(2) MQANR = 0 passes through L, 


(8) 0Q- OR = 0 passes through L, 
(y) OP+LP = B'CP, and as a consequence of harmonics 
ly) OP-LP = BO'P. 
Each of these statements carries with it two other similar statements. In other words, 
the left hand sides of the equations of the various lines mentioned can be taken with 
such multiplicative constants as to ensure the truth of these`stalemenis. This is a 
simple result of plane geometry to be verified in § 7. F . 
8. Now iet a,b,c be three arbitrary lines in space, drawn respectively through 
A, B. C; and a’,b’,c’ the secants to pairs of them from“:4', B', C! respectively. Á 
Hither triad fixes the other. Further let p be the common line of the planes b'c and be’; 
and so for q andr, Finally let E be the common point of the three planes b'c, o'a, a'b; 
and F the common point of the three planes be’, ca’, ab’. Then the part of the figure 
in space generated by the lines a, b, 'c and (or) a/, b’, o’-may equally be fixed by the 
prescription of the two points E and F; [or the planes joining É to the triad of lines 
BIG, C'A, A'B in the piane II yield by their intersections with the planes joining F 
to the triad of lines BO’, CA’, AB’ in the plane II, precisely the two triads of lines 
a, b, c and a’, b’, c' as weil as the triad p, q, T. For clearness EC'A meets FAB’ in a; 
the planes HA’B and FCA’ meet in a’; finally the planes EB'C and FBC’ meet in p. 
f 4. Now consider the following lable. 


III = Ba'br ^ 





Hl’ = Fab'r 





- 


= Let the symbols here such as Í, I ^ stand for the left hand sides of the equations 
of the planes indicated, namely Æb'ep, Fbc'p taken with such multiplicative constants 
A 


i 
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that on putting the variable t equal to zero we get the lines B’CP, BO'P as fixed in (y) 
of 82. From ihe same reference, wth the I and I’ thus defined, it follows that 
I= Op+Lp and I’ = Op—Lp where again Op and Lp are the left hand sides of the 
planes joming O, L respectively to the line p, taken in such wise that on putting the 
variable t equal to zero therein, we get the lines OP, LP as fixed in § 2. 

5. Thus we have the scheme, 









I= Op+Lp | I= 0q+Mq | III = Or+Nr 





I’ = 0p—Lp | Il’ = Oq— Mq | UI = Or—Nr 


Now it is seen from the Table thal the planes II and III’ have ihe line a in. 
common, whence the plane Lais a linear function of them; and is II—III'-— O0 if we 
can show that (O0qg+Mq)r equals (Or-Nr)r,: that is, since L lies in the plane t, we 
need to show-that (OQ + MQ)r equals (OR—NR)Y,. This is true in view of the conditions 
(a) and (8) m § 2 since OQ—OR and MQANR pass through L. 

Again, the planes III and II’ have the lme a’ common, whence the plane La’ 
is a linear function of them and is TII-II' = 0 if we can show that (Ort Nr), equals 
(0g—Mq)r. This is so for the same reason as above. 

Thus the plane La is II-III’ = 0, and the plane La’ 1s ITI — II" = 0. 

6. Now let a“ be the secant from L to a, a’. It is then ihe common line of the 
planes La and La’. The plane joming O to a” would tben be that linear function of 
II-III' = 0 and HI~I — O which passes through O. The lnear function sought 
would be (II — III) — (III — II = 01f we can show that (II—1II)o equals (JII—II)g ; 
in other words, the value of Oq— Ort Mq Nr and that ot Or— Oq-- Mq + Nr ab O are 
to be equal.- This 1s certainiy so for Og — Or passes through O. Thus the plane Oa" is 
(I+ ID)— (III + III?) = 0 which 1s Oq— 0r; and obviously the three such planes add up 
to-zero, showing they have a common line through O. Wherefore ihe thiee lines 
a^, b^, c" have a common secant through O; which completes the proof of the theorem. 

7. We pass to show that what is said m 8 2 is possible, and begin with some 
prelimmary remarks, The triangle ONR is self conjugate for every conic through 
A, A’, B, B'; so also the triangle OMQ 1s self conjugate for every conic through 
A, A’, C, C’; whence the lines MQ und NR intersect on AA’ in the fourth harmonic 
of O. Moreover considermg the triangle PQR and the secant LMN, the pole of this 
secant may be cailed U. Then the harmonie of U in P, QR 1s U, and is no other than 
the common point of MQ and NE. Thus O, A, A’, U, all jie on one iine, and the points 
A, A’ are harmonically separated by the points O, U,. Say U = U,+U,+ Us, then P is 
U,+U;. Thus if we take A as OtdU,—and hence by harmonies A’ is O-dU,— 
remembering that QC'A and RA’B are lines and that Q = U,+U, and R= U,+U,, 
it follows that C’ = O—dU, and B = 0+4dU,; and by harmonics C = OtdU, and 
B'= 0—-4dU,. 
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-` Therefore, given PQR, LMN and O with the heip of a single further constant d 
we define A, B, C as 0+dU,, 0+dU,, O-- dU, and A’, B’, C’ then arise by changing the 
Sign of d, 

Taking PQR as triangle of reference, LMN as unit line, and O as a:b:c, 
we may take 


LP =~dly+s), MQ=-d(e+2), NR =-d(e+y), 
OP = ocy—bs, OQ = as-oz, OR= bæ-ay. 


-Theon MQ+NR =-—d(Qce+y+2) and OQ— OR = —(b+ c)æ+aly +g) both pass through L 
- which is the common point of æ = 0 and Sx = 0. Moreover OP+LP = (c—d)y — (b + d)s 
which is B'CP and hence by harmonics OP~LP = (ctd)y-(b-djá=BOP. ` 
This verifies the assertion made in § 2. 


8. In regard to the points E, F their joining line meets the plane PQR in a point 
whose harmonie wrt: E, F may be taken as S the fourth vertex of reference; so that 
we may take E as 25:99:29: —i, and F as = !Yo '#0 to. The equation of the 
plane I = 5b'c may then be put down as the plane of the three points E, B', C. We 
thus get the equations as under 





I = (c—d)(yty + yl) — (b Dat, + zot) I’ = (c d)(yt, — yt) - (b —d)(at, — 8t) 











II = (a—d)(zt, tat) - (c+ dy(æt, + £t) Il’ = (a d)(zt, —2,t) — (c — d)(zt, — x,t) 









TII = (b — d)(zt, - 2,0) - (a-- d)yt, + yot) | II = (b + dct, — aot) — (a—d)(yt,— yat) 





Defining H, K as the two points a, b, c; +d the figure may be generated in terms 
of seven arbitrary points P, Q, E, S and E, H, U by means of harmonics and-imeidences; 
here U is the unit point in space. 

The equations put down above help us io show that the final line, obtained as 
Op = Og = Or, is the join of the point O with the point of co-ordinates y,—2,, $,—2,, 
to— Yo: (Þafd)t,. j 

9. Since the proof depends ultimately on linear relations between six items like 
I, If we may replace them by six variables like X, X' and take these as coordinates 
ina §,. : 

Cail the solids Y= Z' = 0, Z = X! 0, X = Y’=0 the solids a,b,c respectively 
and take the solids a’, b',c' as YY 2 Z— 0, Z = X —0, X'—Y —0; let the plane 
X-X' 2Y-Z -Z-Y -0 be caled the plane L, and by symmetry cull the plane 
Y-Y’ 2Z-X'— X-Z'—0 the piane M and let the plane Z-Z' = X-Y =Y-X'=0 
be called ihe plane N. Finally let the plano XtX'=YtY' =ZtZ'=0 be the 
O plane. 
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Then Y—Z' = 0 is the prime through plane L and solid a; and Z-Y’ = 0 is the 
prime through plane L and solid a’. Through their common solid and ihe plane O 
passes the prime (Y—Z/)-—(Z—Y!) = 0 i.e., (Y Y) -(Z* Z/) = 0; and the three such 
primes have not only the piane O in common, but the solid X4X,2 Ys Y — Z4Z; 
and this is equivalent to the fact that the plane O meets the three planes L, M, N 
in three collinear points. This is a simple result of mcidences involving the six solids 
like a, a! and the four planes L, M, N, O and is the origin in S, of the theorem. 

We pass to show that the section of the figure by an appropriate solid yields the 
theorem in S,. Consider the quadrie locus >(X?—2YZ) = D(X —2Y/Z). This contains, 
the planes L, M,N, O; passes through the unit point and there has for tangent 
prime ZX = 5X’, namely the prime containing the pianes L, M, N. There are oc? 
lines each of which is a secant to all three planes L, M, N and 1s thus a generator 
of the quadric. Through any one such generator L,M,N, there pass two generator 
planes, one of which meets the plane O in a point, say O,. This plane II can then be 
shown to be met by the six solids like a, a’ in six points like A, A’, such that tbese six 
points together with L,, M,, N,, 0, make a Desargues’ configuration in the plane II. 

Any arbitrary solid through the piane II cuts out of the figure of six solids and 
four planes in S, the complete figure of the theorem in S, namely the six lines like 
a, a! besides the plane Desargues’ figure. The choice of the generator line L,M,N, fixes 
the plane Desargues’ figure and then -the choice of the solid of section fixes the six 
‘lines hke a, a’, A 

"A remark has been made somewhere to the effect that every contmbution of 
Morley to Geometry is a thing of beauty. That is certamly true about this theorem. 
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ON COMPLETE PRIMITIVE RESIDUE SETS 


. By 
R. P. BAMBAH 


^ 


(Communicated by the Secretary-—Received May 23, 1946) 


In a recent paper* S. Chowla and T. Vijayaraghavan proved that if n = 2 or 
has no primitive roots there exist suitable complete primitive residue sets + Ti, 7,, . . . , 
Ta and 8,, 8,..., 84 such that 7,8,, 7,8,,. .. , Ta8 too is a complete primitive 


residue set. 
The purpose of this note 18 to discuss a type of such sets for n = 2", m = 8. Let 


(am); te = Qkl+Qa+1 (27), : 


Te = 2k+2Q2—-1 
(25; Te = 2k +0 t9æt1 (27), 


Re = 2k—(22—1) 


where 1 <2 < 27? and k = K (mod. 2). i 
; Th’, Ru, Ry m Eo Ry and (B) 


It can be easily verified that (A) fi, r,, ... 
Ty, where h! = 2"~?, are complete primitive residue sets. 


a 


Now construct 1 
B 8g = m (mod. 27), zs 


€ 


Sg E (mod. gm), l l 
Sa are suitable sets satisfying 


E 


' We prove that (A) add (Chis bo. -3 8a Sa Sooo’ 


` ihe conditions of the theorem. 
As (A) and r8, raða, . . , TH’8n, B,8,, Bs, ... 
c. p. T. 8’8 it is only necessary to piove that (C) is a c. p. r. 8 
In order to prove that it is sufficient to prove è i cx 
I. All the s's and S's are prime tó 2", 
j I. .() no 82, = 8s, (mod. n) if 7, = a, 
= Ss, (mod. n) if z, E 2,, 


Gi) no Se, = 
(ii) no 85, = 85, (mod. n), z, may or may not equal a. 


RySy, ie., (A) and (B) ate 


a 


` 


I is trivial. The proofs of II (1), (ii) and Gu) are as follows; 
Prodf of IT (i). Suppose there existe numbers z, and z,, 1<2,, 2,25 2"^* and 


as w 


æ, Æ x; such that : 
= 65, (mod. 27) 


8g, = 
then t f i 
-£1 = Ss (mod. 23”) 2 


j To, Tos 
* Accepted by the “Quarterly J ournal of Mathematics, Oxford’ for publication. 


+ We mean by the c. p. r. s. what Hardy and Wright call complete set of 1esidues prime to n, 
sibility of the solution corresponding to k = k' = O-was pointed out to me by Dr. 8. Chowla. 
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2. In ihe following discussion we take Ts, 34 and i, less than 2", 

Definition :—We shall call two systems of sets ry Pa... , 792-1; 83, 85, .. . , 
Sgm-1; and f, ts... , ig": distinct if there existe ab ieast one r, the two s's and 
hence the two t's corresponding to which in the two systems are different. 

Theorem, Corresponding to every m there are exactly 2975 distinct systems of the 
type discussed in this note. . - - 

Lemma 1. Corresponding to each k there are exactly 277? distinct systems. 

When k is fixed there are exactly 277? values of k' = k (mod. 2) such that no two 
of them are congruent to each other modulo 2", á 

For all these values of W, the t,'s are different for they are all congruent to. 
numbers which are mutually incongruent modulo 27. d 

But if W =k (mod. 2773), all t; = t, where t, and t, denote the Ith. t's 
corresponding to k” and k’ respectively. i do 

Therefore corresponding to each k there exist 277? distinct systems. _ 

LEMMA 9. fk, Æ k, (mod. 2*7) every system corresponding to k = k, is distinct 
from every system corresponding to k = ky, 

Proof. Let ! 

Fa Tay 00 5 Tames, Pgectua, oe Tei 


81, 83, sate Syma, Bgm-2 43, 2... , Squad 


and tis tay oe damos lama cl, Í : E 


be the system corresponding to k,, k,, where k, is any number = k, (mod. 2), and 


E, Ry, eens Rg, Ban os : , Rai 
Bi, B, s.i’ Sg=-3, Sgn-341, n Sgs-1 


and T, T, tet) Ton-s, Ta--2.1, TTE. Ts--i 


be the system corresponding to ka k,, where k, is any number = k, (mod. 2). 
Let Ta- = Ry, then b 45 2?-?, If not lei b = 2m, then "gs-2 = Rgx-s, therefore 


2k,--2n-1—1 = 2k,-- 277 —1 (mod. 27) 
or 9(k, — k,) = 0 (mod, 27) 
which is impossible because k, Æ k, (2771). Therefore b gma, 
Now there arise two cases: i 
(1) bæn, and (2) b = am. 
Case 1. b21, then "s: = Ry and *s»-344 = Ryo where 0 «2b <btl sse 


or 2773 < b «b 1z 277! (a). 
If the two systems are not distinct 
tox-s = T, and Íge-41 = That 


T ng = Ty Ts 
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i.e., 2k,'--1--2771—2k,'—1 = +2 (mod. 2"), [because of («)] 
epo |" 8mt22z90 (27 : 
which is impossible because m > 2. Therefore in this case the two systems are distinct. 
. Case 9. M b= zm 
l ges, = lHg--:., and "ge: = Row-i 
If the two.syatems are not distinct 
ign-3—, = Tyn-1_y and tgn-2 = Ti 


or feci clans = Ty Tei 
or S l 2 z — 2 (mod. 2m) (see the Table) 
or - 420 (mod. 27) 


which is impossible because m > 8. 

Therefore in. all cases the two systems are distinct. | 

Lemma 8..It can be easily verified that if k, = k, (mod. 277), the systems 
corresponding to (k,, k’) and (k,, K’) are not distinct. 

Combining the above lemmas we can easily prove that the number of distinct 
systems of this type for every m is. : 

an. amore 91m-3 

In the end I aodai wii great pleasure my gratitude to Dr. 8. Chowla, Ph. D., 

whose encouragement made this note possible. 
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NOTE ON THE STRESSES IN A SEMI-INFINITE PLATE PRODUCED 
BY A RIGID PUNCH ON THE STRAIGHT BOUNDARY 


By 
BIBHUTIBHUSAN SEN 


(Received July 4, 1946) 
INTRODUCTION 


It appears that due attention has not been paid previously by investigators to 
problems of indentation produced Dy a rigid die pressing on the straight edge of a thin 
semi-infinite plate. The only case that has been treated so far is that of constant 
deflection produced by the die on a part of the straight edge of the plate. This particular 
problem was discussed by Sadowsky (1928) who used conforma] mapping by which a circle 
was transformed to the loaded portion of the boundary. When the deflection of the 
loaded part is not constant, this method leads to considerable difficulty. A simple 
tentative method is employed in this note to deduce the results for various forms of 

, indentation caused by a rigid punch on the straight edge. ` 


1. METHOD OF SOLUTION 


Let the origin be taken on the straight edge along which the axis of y is taken. 

The axis of æ is drawn into the plate perpendicular to this edge. The probiem is 

considered to be one of ‘ gener alized plane stress’ so that if the normal load on the edge 
æ=0 be given by 

[Re f(z) Jeno (1.1) 


where Re denotes the real Part and s = ætiy, then the average stresses ax, zy, yy are 
obtained as 


ze = Re[ -ef'(9) -f()], 
zy = Re[ —isf'(e)], (1.2) 
yy = Re[f(s) +2f'(e)]. 

These results were obtained previously by the author (Sen, 1988) in a simple manner. In 


this case we know that on neglecting the rigid body displacements, the average displace- 
ments t, 9 are given by 


Quu = Re[2(1—o)F(z)—2f(2)], 


Byv = Re[—i(1—2c)F(s) —ixf(z)], id 


where p is the modulus of rigidity, c 18 a constant connected with Poisson's ratio e by the 
relation (1—0) = (1+o)7, and F(s) is an analytic function of # such that 


F(s) = / jle)ds. (1.4) 


2—1615P—3 
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Thus we find that on the edge z — 0, we can write 
i zæ)azo = [Re f(5)ezo, 
[u]z-. = (2/E)[Re F(z) laat C, 


(1.5) 


where E is Young's modulus and C is a constant. It isto be noted that for a concentrated 
load P at tho origin, we have 

f(z) = -Plas. (1.6) 
If the portion of the boundary pressed be given by —b «zy <b, and the deformation is 
symmetrical about the origin, the problem reduces to that of finding f(2) so that the 
normal load outside the pressed portion of the edge is zero, while the normal displacement 
w inside i$, assumes the prescribed symmetrical form, In other words, we are to find f(z) 


such that 
[Re f(2) Jamo =0 when |y > b (1.7) 


and the given symmetrical indentation is represented by 


aP f 1022]... 6 when [|y|« b. (1.8) 


If P be the total lond on the pressed part, f(z) must tend to —P/zz as s tends to mfinity, 
confirming thereby that at a great distance, the effect is the same as that of a eoncen- 
trated load at the origin. 


2. EXAMPLES 


(a) Approximately circular indentation by a 1igid punch 
f(a) = —(2P [znb?) [ y (b? 4- $2) — 2]. (2.1) 
e [Re f(z) uno = —QP[ab*) y (b —y*) when -b <y x b, . 
=0 when y 2 b and y < —b. (2.2) 


This function satisfies the condition (1 7) and the total load on the pressed portion is of 
magnitude . 
» : 
| y (b* —y*)dy = P. 
ab fr 
Since in this case ; 
F(a) = — Sale y (b? + 2) +b? sinh—"(e/b)— 8°], 
n 


we obtain 





[U]eco = up = C- E 


a pu b. 
pp! when iat c: 


From the condition that uy = 0 when y = +6, we have 


My = ag v + (3,8) 
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The curvature 





7 = As = a (a constant quantity). 
T 
Again since t 
QP b? 
f(e = brennt VEU )-] 
we find 


f(s) > -Plagr us g oo. 


(b) Constant deflection produced by a rigid punch 
Let i P 


Ha) = Er s (2:4) 
In this case P 
[Re f(z) an = SL when -b <y <b 
=0 - when y2» b and y < —b. (2.5) 
, Total pressure produced by the die is of magnitude 
P f — M. 
v J V (b*—y*) 
i DIE 
[tt] ang = Up = - 25 Re( sink Wie 
— 0, when -b<y<b. (2.6) 


At the edge of the die, that is, when y = +b, we find {hal the inlensity of pressure as 
given by (2.5) becomes indefinitely large which shows that there 15 plastic flow at these 


points. From (2.4) it is evident that 


f8) > -P/lar as 4 > co. 


(c) A triangular indentation by a rigid punoh 


Let p 
fl) = -zg mh '(6/2). (2.7) 


This gives us p ; 
E cosh7'(b/y) ` when |y| <b 
7T 


ll 


[Re f(2)]a-. 
=0 when (y|>. (2.8) 


The magnitude of the total thrust on the pressed part is 


P fe 
ora J cosh71(b /y)dy. 
TE 


This 1s an improper integral of which the principal value 3s P. 
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Since in this case x ù 
Fl) = - |e sinh? + b sink if), 
nb g b 
we have even when the general value of the funotion is taken 
[ulsz = % = C-4y,. (0<y<b) 


=C+Ay, (-b<y<0) (2.9) 
where Á is a constant. 
It is evident that the deflection is triangular in form. Eh this case also we find that 


f(a) > s 88 8$ co, 
TE 


When y —O0, the intensity of pressure as given in (2.2) tends to an infinite value. 
Therefore, there must be yielding at the vertex of the triangle. 


(d) Indentation in tho form oj a parabola of fourth degree 
Suppose 





fl 4P ft 227) y (b? + 2*) -- 22^]. (2.10) 


1 š 1b? 1b* ) 5 
ze -àey(1 + y va. bete £22]. 


Since 


fl} = — 





we find that 
P 
fle) > E a 8 — co. 
We have in ihe present case , 
[Re f(8) emo = 755: £7 (029) V(6*-g2)} when |y] «8 
=0 when |y|>b. (2.11) 


The total load on the pressed area is of magnitude 
uu ia]. (621 245) 4 (09 —9)dy = 


The deflection of the edge is given by 


4P ; 
[u]a-, = Uy = C— 3z asp Y when [y] <b. (2.12) 


This result shows that the ındentatıon is of the form of a parabola of fourth degree. 
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MAHAVIRA'S DIOPHANTINE SYSTEM 


By 
E. T. BELL 


(Received September 5, 1046) 


1. In his account of Mahavira’s work in diophantine analysis, B. Datta! noted 
the system ` 
m(z-r y) = n(u- v), (1) 
pry = qu, 
in which m,n, pP, q are any constant (given) integers, and æ, y, u, v are the unknowns. 
In the sense defined in a recent paper,” the system (1) is separable, and hence the 
complete solution in integers is:readily obtainable. The complete integer solution falls 
into sets according lo the divisors of m, n, p, q. f 
Let g be the G. C. D. of m, n, and h the G. C. D. of p,q. Then we may wie 
m = gm, n = gn, P = hp; Pa q = hg,ga, all the letters denoting integers; 1 = (m, n,) 
= (p,p2, 1:92). Each of the equations in (1) is of the multiplicative type. From the 
theory of such equations*, the complete integer solution of the first is 
z =nw, U+ = mw, (2) 
and that of the second is 
€£-0,2,2, U = PILY, (8) 
: : Y = Quia 0 = Pius 
where W, z,, Z,, Yi, Ya are integer parameters. Since g, h, are determined when 
m, n, P, q are given, so are m,, n,, p/h, q/h, and p,, p, and q, qa are any pairs of 


conjugate divisors of p/h and of q/h respectively. . 
Substituting from (B) into (2), we get the simultaneous system (4) for z,, Ya, W, 
P1, 2. Dats ta M, Ww = 0, (4) : 


Gaai + 4Y Ys ^ 4. w = O. i 
The solution of systems such as (4) is known?. There are two' cases: the regular - 
solution, in which not all second-order determinants in the coefficient malrix.of (4) 
vanish; the singular solution, in which all three determinants vanish. Those solutions 
are respectively 
* 
z, = k(m,qy,—np,m, = P(g:Y1t0s — m), 2 
Ya = k(nyp,y,—mi,gim;), Ya = P(M W, — py ws), 
w = k(p,quy,^—p1di25), W = PCY W~ py i3) 
in which Z, y,, Wy, Wa Wa nre integer parameters; m,, ny Pi, Pa Gi Q4 ave as defined 
above, k is an arbitrary integer multiple of the reciprocal of the G. C. D, of the three 
( )'s in the regular solution, for assigned values of the paramoters X3, Yı, and likewise 
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for p in the singular solution and assigned values of the parameters Yı, w;, War Ws. 
From these and (8), the complete integer solution of the system (1) 1s given by the 
regular solution i 
: & = kq,z,(m,dsy; — np32;), (5) 
y = kqayi(nipyyi - 19%); 
u = kp,y (may, =n pt), 


d i V = kp (np yi — M9123), 
and the singuiar solution 


2 = PILS (9,Y Ww, — mw), (6) 

y = Payal Wy —P1Y Ws), 

u = PPY: (YW — mw), 

v = ppyzs(m,w, — p,y,w,). 
As remarked, these solutions fall mto sets according to the specified divisors of ' 
m,n, p,q. Itis readily verified that (5), (6) satisfy (1). Not all solutions are obtained 
1f k, p are merely arbitrary integers, and not as defined above. 


2. Mahavira's system dates from the 9th century A.D. As noted by Datta, ‘it 
escaped mention in Dickson's History? in the place where it would naturaily be looked 
for, and where the special cases named after Heron (1st century B. C.) and Planude 
(c. 1260-1810) are discussed. P. Tannery (1882) considered the special case n= 1, p —1 
of Mahavira’s (1), and stated, without proof and with no indication of the means by 
which they were obtained, formulas (containing a misprint) purporbing to give the 

- complete integer solution of this special case, which includes Heron's and Planude's 
problems. Tannery’s formulas are inexplicit and somewhat awkward to verify; they 
are equivalent to simple explicit formulas obtained by-the general theory of separable 
systems. In contrast to the solution of (1), Tannery's special case requires no such step 
as (4), and the final formulas do not involve G., C. D.'s as for k, p in (5), (8). 
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ON SEMIGROUPS II 


By 
F. W. Levi 


(Received June 96, 1946) 


- f 

This paper deals with the homomorphisms which map systems in which a composi- 
tion is defined on semigroups and with homomorphisms mapping semigroups on groups. 
There exist always such mapings, e.g., the ‘‘trivial’’ mapping of the whole system on a 
single element. In some cases, the trivial mapping is the oniy homomorphism which 
maps the given system (semigroup) on a semigroup (group). Ib will be shown that 
all the semigroups which are homomorphic to a system W are also homomorphic to 
a semigroup S(W) which is uniquely determined in the sense of isomorphism. The 
corresponding statement for the homomorphisms of semigroups on groups is in general 
not correct. For the determmation of these homomorphisms; the notion of normal sub- 
semigroup, which was introduced in an earlier paper (Levi, 1944) is important. 

$1. Let W be asetin which a non-associative multiplication is defined. W is 
mapped by homomorphisms H,, H}, .. . on semigroups 8,, Sa, .... Hach H determines 
a resolution of W into disjoint classes such that every class is mapped on ihe same 
element of the corresponding semigroup. 8, is homomorphie to S, uf and only if the 
resolution generated by H, is a refinement of the resolution generated by H,. Two 
elements a und a’ of W will be considered as congruent if and only if for every H, the 
elements a and a’ belong to the.same class. Denote the congruence classes by A, B, C 
and let a, a’€A; b,b'€B; c€C. Then for every H, ab and a/b’ belong to the same class 
and simuarly (ab)c and a(bc). Hence the congruence classes form a semigroup S(W) which 
is homomorphie to W and is thereiore generated by some H. The resolution into 
A, B, C, . . . 18 a refinement of every resolution generated by an H and therefore S(W) 1s 
homomorphic to every 8,, 8,,.... Hence: 

Theorem 1. When W is a set in which a non associative multiplication is defined, 
there exists a semigroup S(W) such that every semigroup which is homomorphic to W ís 
also homomorphic to S(W). 

Obviously S(W) is uniquely determined in the sense of isomorphism. When S(W) 
is of order 1, only the trivial homomorphism H exists. 

82. Fo. the homomorphie mapping of semigroups on groups the method used in 
$1 is not applicable. Consider, e.g., the additive semigroup formed by the positive 
mtegral numbers; it can be mapped on the cyclic groups of fimte order only and among 
these, there is no group which is homomorphic to all the other ones. 

Let the semigroup 8 be mapped by a homomorphism H on a group G and let N be 
the subset of 8 which is mapped on the unitelement 1 of G. If b, c€N, then H maps bc 
on 1 and therefore bc €N ; hence N is a sub-semigroup of S. Tf a€S is mapped by H on 
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«€G, then there exists an a/€ 8 which is mapped on a^! and therefore aa’EN, Thus 
every @€8 is a left hand factor of some element of N. We shall call a subgroup with 
that property a complete sub-semigroup of 8. On the other hand when aa’€N, 1t follows 
that H maps a and a’ on elements which are inverse one to another. Hence aa'€N 
implies a’a€N. Suppose now that ac, bEN, then ca € N and therofore abca is mapped 
by H on the same element of G as a; hence abc € N. In this way one shows that when 
any two öf the elements abc, ac, b belong to N, all three of them belong to N. Sub- 
semigroups N with the properties have been called (Levi, 1044, p. 141-42) normal sub- 
semigroups. Thus the original of 1 m S ıs a normal and complete sub-semigroup of 8, 
Now we suppose that N is an arbitrary normal and complete sub-semigroup of 8 and show 
that there exists a homomorphism of S on à group for which N is the original of the unit- 
element. For this purpose, we introduce an equivalence relation between the elements 
of S by defining aeb if there exists an element a’ such that aa^ and ba’ belong to N. 
This definition is reflexive and symmetric. To prove the transilivity, suppose aa’, ba’, 
bb’, cb' €N, then a'b, aa’bb’ EN and therefore ab' €N, Hence a c» b, b co c implies a = c. 
Suppose now that ææ y, say aa’, yr! € N, then azza’, bys'a/ EN; hence az eo by, The 
classes ol equivalent eiements form therefore a semigroup G which is homomorphic 
to 8. However N is the unitelement of G and the class represented by a’ is mverse to 
the class represented by a. Hence G is a group. On the other hand when 8 is mapped 
homomorphivally on a group such that N is mapped on the unitelement, then a and 
a’ must be mapped on inverse groupelements and therefore equivalent elements 
of S represent the same proupelement. Ifa and d are non-equivalent but are mapped 
on the same groupelement, then da’ does not belong to N but is mapped on the unit- 
element of the group. The homomorphism mapping S on a groupis therefore uniquely 
determined by N. Hence: ` 

Theorem 2 The homomorphisms H which map a semigroup S on a group, are 
uniquely determined by the complete and normal sub-semigroups N of S in such a way 
that N consists of those and only those elements of S which are mapped by H on the 
unitelement of the group. 

This theorem is a generalisation of Theorem 8 of the first note, N must contam all 
the idempotent elements of S, in particular all the left or right zeros. Therefore if S 
contains any zero, then N = S8 and there exists no non-trivial mapping of S on a group. If 
N’ is normal but non-complete, then the factors of the elements of N’ form a proper sub- 
semigroup 8’ of S and 8’ can be mapped homomorphically on a group such that N’ is 
mapped on the unitelement. If W is mapped by a homomorphism on a group G, then G 
is homomorphic lo S(W) and the mapping is therefore determined by the complete and 
normal sub-semigroups of S(W). 
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ON A TYPE OF SERIES INVOLVING THE PARTITION 
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1. In this paper I shall show that the sum s,(n) of the series 
1'.pín—1)42".p(n —2) — 5". p(n —5)— T. p(n — 7)  12*.p(n —12) 15". p(n—15)— ---, 
where 1, 2, 5, 7, 12, 15,. .. are the numbers 4n(8n--1), and where p(n) is the number 
of unrestricted partitions of n, p(0) being supposed to be unity, can be expressed as a 
simple "divisor function” of n, when r = 5. I shall in fact prove 


Theorem I, s(»)- em, > ^ —— QD 
128,(n) = —5e,(n) + (18n — 1)o,(»), (1.2) 
1928,(n) = Tox(n) - 10(16n — 1)e, (n) + (860n? — 80n + 1)o,(n), (1.3) 


84688,(n) = — 50,(n)  21(14n — 1)es(n) -15(252n? —80n + 1)0,(n) 
+ (7560n? —1080n° + 54n —1)e,(n) (1.4) 
^. 8817768,(n) = 110,(n) — 50(27n —2)o-,(n) + 210(216n* — 28n + L)o,,(n) 
- — 100(4586n? — 756n? + 45n — 1)e, (n) + 5(168200n* 

; : —80240n* + 2160n* — 72n -1)e,(n), (1.5) 
where oc;(n) is the sum of the kth powers of the divisors of n. It may be added here 
that when r > b our method does not enable us to determine the sum of the series in 
terms of s(n), where of course by the word sum is meant an expression in which the 
number of ferms 18 independent of n. 

From the above theorem I shall deduce a number of recurrence congruence 
relations analogous to those obtamed by Ramanujan (1921) of the type a 

p(n -2)— p(n—51) - p(n — 100) +.p(n—247)+ «+» = n?o,(n)-no,(n) (mod 7), 
the numbers 2, 61, 100, 247, . . . being those of the forms 
RU 4C —1)21n—4), Jin 1)Q1m 44). 
Somewhat similar congruences have been considered by Simons (1944). 

I have also indicated how each of these congruences corresponding to moduli 
6, 7, 11 may be used to derive Hatnanujan's famous congruences 


j p(öm #4) = 0 (mod 5), $ 
. p(Tm+5)=0 (mod 7), ' 


p(ilm+6)=0 (mod ll). 
8,-1615P—3. NOS 


L7! 
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SUMMATION OF THE SERIES 


2. Our method of summation depends upon a simple adaptation of certain results 








due lo Bemanujsn (1910) which I quote m some detail for ready reference. Ho wntes 
peil + ay - 
i Q= ruo (t Be EN 
oR = 1-504 (seam rm. e) 
and denotes a 


æð 


Sr 


Pe ae ee 


$ $ minte™ = > nto,_(n)a", 829 n, 


m=] acl] 


„by Zala) i. we shall however drop the æ and write simpiy Bu Ramanujan 


^ establishes the following: 


(1.1) 
(8.1) 
(8.5 


Ui Pots t4 


` 


1+5046,,, = R, 
14480®,,, = 97, - 
| 1-264,,. = QR. 


Taste I TABLE lI 
— 240,,- P, i 288, = Q-P?, í 
ean = Q, GER LN 720®,,, = PQ- R; 


10088, ,, —Q'—PR; 
720B,,, = PQ*- QR. 


* Taste III RN 
17285,,, = 8PQ—2R — P5, 2 
1728®,,, = P?Q—2PR+Q?, 
1728®,,, = 2PQ*— P*R —QR, 

69128,,, = 6P?Q -8PE #39?— 
84500,,, = P'Q—8P*E -8PQ* — QR, 
207860, ,, = 15PQ* —20P* E + 10P*Q — AQR — P*. 


We shall make use of the nbove tables to prove the LEMMA : 


Do = TD, gPa 150, 
$,,.,, = HSn Ör 
$,1.0,,, = ggas -Psu tib. 
Poi Daa = ga, 7 Bust ross 
$,,,.d o = 71g t oyo 101 goose 
DD = gi, TD, st ToDo, 
Þor Dag = 910, — Jo. 935,5 ' 
DaDo, = soz Po t gos oos +78a2on 
Bo, Diss = ge Pie Trot risu 
Bi. Dyr. = 73559, gu. - TD, tag Dog. 


then 


/ a 
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Ramanujan’s tables give us the foliowing and the proof is fairly obvious. 
L 1 
$y = gi (L7 P7 gg [A -P)-(Q-P)+(Q-I]; 


gs l(Q-P*)- (8PQ - 2R - P) «2009 —8)] ; 


-da-p.d.qg-pne.l. 
Por Ëa, m= 24 (1 P) 588 (Q P ) ES 24.2 


9, Pars Pn iru [(@PQ —2R — P?) — (OP*Q —8PR + 8Q* — Pt) -3(P*Q—2PR + Tum 
PaPa = iwi [(0P*Q—8PR + 8Q? P‘) —(15PQ* —920P^R # 10P*Q -AQR-— P5 

" : *4(P*Q—-83P'R c 8PQ* — QE)] ; 
T oe (Q - )- ec dus : 
Pon Di = te [(PQ-R)-(P0- APR 1 @)+ (9) PB)]; 
Þor Bays = gris RUE 2PR+ qn- (P*Q—8P?E--8PQ*'— QR) +(2PQ*—. —P*R- QR); 
Por- Pos = xen [1—P)-(1- B) - (Q?—PR) t (Qi -1)]. ; : E 
Doris = gi ggg LG?-PR)— (PG! PR QR) (PO*--0R)}; l 
Bay Bain = gg gl- (12) € (9*-)- (P0*- GR) - 1-09] 


4.. I shali now explain certain notations which will be employed. The coefficients 
a, are defined by | 


(1—2)(1—2" J0- z?) ml $c 1)? (einn 70 + æt} = I ac. 
The product : , 
Snax. È n*p(n)z*, 
AN 0 Mm 
will be denoted by Ups n" being supposed to be unity when n = r = 0. We have now | 


the following well-known yesuit, 
tory = 1. 
Also 


" o- Znpmn)z^ 2 RT 
DES z asa” 2, np(n)a" = lod z; [os [2st n Jar} m - 


„eð [log ((1—2)(1 — 2?) — 2?) B idm Sus 


Also it ean be easily seen that 


~ 


d 
~ (ez). Urso = Urerig t Urry = Urar T Urno, Vor 
c ] 
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Hence 


Urto = | T Sy] us 


Thus using the operutionai symbol Ly 


d r 
3 Upo = [es -%,,,] „1. 


Giving r the values 1, 2, 8, 4, 5 successively, using our Lemma and remembering that 


(235). Bre = Bre ar 
we got 
Vo = 70.5 
Ugo =~ By + B51 = 0,7 35, 150,5; 
Uy, = te® isa t 380, 7 uiis, c 80, + Boh 
= — pe Po dao. M, hons 880, roe Pores 
Yoo = sesePor: erat ða #0, rg - Pie 
+ BO. s + 1592018 - SOLET ME 
Uss = E eee ee Phe uo 353, 7 EÐ, 
gate Dos + dii. Aek as t+ 143,7 seb pa Post 88 D. 
Dr rt octauo asinos 


It 18 now quite simple to prove Theorem I; we have just to equate the coefficients 
of æ” on both sides ot the identities established above. 


x 


REOURSIVE CONGRUENCE PROPERTIES OF p(n) 


5. I shall now deduce from Theorem I a number of recursive congruence 
properties of the Ramanujan type, an exampue of which has already been quoted al the 
beginning of this paper. It will be convenient lo employ the following notation. 
I(n) will be used to denote the familiar expression 


. p(n)—p(n —1) - p(n —2) + p(n—5) tp(n-7)— -. 
which is the coefficient of a in the product Usa, and is vanishing if n > O, as t, = Í. 


Further Ig4,)(») wilt denote the series obtained by picking out those terms +p(n—r) of 
I(n) in which r is of the form am c b. I shali now establish the following : 


Theorem II. n 
Lan(n) = p»(n)—p(n-2)—p(n—12)4 +--+, 
M = — gakkylðo,(n) - 21(14n — 1)e,(1) + 15(252n? — 80n + 1)e,(n) 
— (T560n* —1080n? +54n—1)o,(n)} (mod 10), (2.01) 
zm—45(57,(n)—(18n—1)e,(n)) (mod 4), Ue (2.02) 


= c.n) «(mod 2); i (2.08) 
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Lame s(t) = —pln—1) + pn-5) + p(n) +, 
= ggyq{5o,(n) — 21(14n — 1)e, (n) + 15(252n? — 80n + L)o,(n) 
— (7560n —1080n?+54n—1)o,(n)} (mod 16), (2.11) 


= q {50,(n) —(18n—1)o,(n)} (mod 4), "(2 12) 
=-o,(n) (mod 2). Í (2.13) 
Since (2m)* = 0; and (2m--1)* 2 1 (mod 16) we get 
í &(n) =—Tems,(n) (mod 16), E 


. and by Theorem I (1.4) we get Theorem II (2.11). For weaker congruences to moduli 
4 and 2 the right hand side can be replaced by simpler expressions py{5c,(n) 
—(18n—1)e,(n) and ~—o,(n) respectively, as can be directly seen if we employ (1.2) 
and (1.1). (2.0) follows from (2.1) as 
Ia(n) = I(n) -I;4.1(n) = —I..(n). 
Theorem IIT. 
Iyn(n) = p(n)—p(n—12)—p(n—-15)+ +--+ m $do,{n) -o,(n)} (mod B); ' (8.0) 
Lumei(t) = —p(n—1) + p(n—7)- p(n—22)— -.. = $lo,(n)-40,(n)} (mod 8); — (8.0) 
Tymaa(t) = —p(n—2)+ p(n—5)--p(n-720)— --- = §{o,(n)—o,(m)} (mod 8). (8.2) 


16 is easily seen that 
á —8,(0) = Im, (1) - 21m. (n) (mod 8), 
an $ 
—8,(%) = Ism (n) + Isms”) (mod 8). 
Thus ` ~ 
Ism+a(0) = 8,(1) — 8, (n) (mod 8), 


= qaf- bo,(n) + (185. —18)e,(n)) = ${0,(n)--o,(n)}. 
Ismai(n) = ${o,(n)--40,(n)} (mod 8); 
Ismin) = —Ismsa(2)— Ism (0) = 4f4o5(n)—o,(n)} (mod 8). 
Theorem IV. 
Iyn(n) = p(n) —p(n—12)—p(n—40) +--+, 
= gua {To5(n) — 10(15n —17)e,(n) + 3(120n* —204n —58)e,(n)) (mod 2); — (4.0) 
Loin) = —p(n-1) pn - 6) pn 57)- ++, 
= stalla s(n) - 1005n + 7)e,(n) + 8(120n? --84n —5)e,(n)) | (mod 2); (4.1) ` 
Lineal”) E —p(n—2)-*p(n—22) + p(n—-260)- .-.., 
= gka{70,(n) -10(152 —1)e,(n)-- (8602? —860» —191)c,(8))  (mod2); (4.2) 
Iymeg(t) = p(n—7) —p(n—15) -p(n —85) - ---, E 
= ghg{To,() -80(5n —8)o,(n) + (880n* —824n -17)e,(n) (mod 2). (4.8) 
This theorem evidently is a consequence ot (2.12) and 
Imi 2Ionss Lames = —8,(n) (mod 4), 


Hence 


and finally 


Limi 17 Lois =- 8s(n) (mod 4). 
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Theorem Y. Be ose 
Lyn) = p(n) +p(n—5)—p(n—15)— ... = 8(n-1)o (0) (mod 5); — (5.0) 
di Toms (7) = -p(n - 1) + p(n —26) + p(n — 51) - 00m —no,(n) (mod 5); (5.1) 
tas Ismea) = —p(n—2) + p(n—7) - p(n—12) + +++ = 8(n—1)o,(n) (mod 5); — (5.2) 
re ‘i Ismas(n) = 0; ot ý (5.8) 
Loin) = 0. “2 (5.4) 


It is interesting to note that here Ij4,5,(») und Is,i44(%) are. both vunishing Now it is 
eusily seen that l 
—8,(n) = Ismin) + lama), (mod 5) 
and ?' 
! —8,(1) = Ismin) — Ism+a(n); (mod 5) - 
Hence ' i 
7 BI sm+a(%) = 8,(n)—8,(n), 


or, Lys) = 21s,(n) —8,(n)} = 2[45i—- 5as(n) + (18n— 1)o,(n)} = o,(n)] , 
= ${-50,{n) + (18n -18)0,(n)}, 


or, ^ 
Lomsa(t) = B(n—1)o,(n) (mod 5). 
Thus ; 
vr or - FOU lsmea) = —5,n)—2I54,.(n) (mod), ^" . 7 ` 
=—no,(n). y. 0X UH 
Finally 


Lonn) = — Ha; (n) -I5,5(n) = 8(n4 1)e,(n) (mod 5). 


Congruence (5.1) was previously obtained by Ramanujan. 


Theorem VI. ` 
> Ími) = p(n)*p(n—7)—p(n—85)— ..., 
= 2(n—2)e,(n)-2(n*—8n—8)e,(n) (mod 7); (7.0) 
UoIma(n) --»0-1)-»(n—15)-p(n-22)4 ..., i 
` = 2(n—1)e,() -2(n -1)*e,(n) (mod 7); (7.1) 
Iymea(n) = —p(n—2)+p(n—51)+p(n—100)— ..., 
= no,(n)—n70,(n) (mod 7); . (7.2) 
. : Tansal) = 0; T a (7.8) 
, Tymea(n) = 0; 74) 
T Lgs. sn) = pln 5) p(n—12) + p(n—26)— -- , 
ied = 2(n--8)e,(n)-3(n*--n--2)«(») (mod); ` (7.5) 
lim) = 0. . a „ (4.0) 
Here again we have the following with respect to modulus 7 ` 


— &,(n) = Lmin) 21 4. (n) — 21,5, s(n), 
-8,(n) = Im) — 81 pmoo(2) 78155, s(n), 


— (1) = Irme ln) + Lo 2 (n) — Ep s (0), 
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which imply 
Im. Y(n) = —28,(n) t3,(n), 
Tyme a() = —8,(n) —8,(n) + 28, (n). 
Ign, s(n) = — 285(n) — 8, (n) + 88,(n). 
Thus 


Ims1(N) = ~rao n) —10(15n—1)o,(n) + (860n? —86n + Io, (n)} +o,(n), 
which easily reduces to 

Lain) = 2(n—1)o,(n) -2(n + 1}%0,(n) ; 
‘Results (7:2)—(7:8) simiiarly follow, and result (7.0), of course, as in similar situations 
for other moduli, is deducible from (7.1)—(7.6).  Congruenee (72) was proved by 


Ramanujan. . . 
Theorem VII. es - - 
Tiim(n) = p(n) + p(n-22) -p(n— 7)  ..., 


= (n—8)e,(n) — (bn? + 4n + 2)o, (n) — (bn? + 9n? — 2n — 4)o,(n) 
i — (2n* — 4n? c 81? ^ — 4)o. (n) ; (11.0) 
Tyimsa(n) = —p(n—-1)—p(n—-12) + p(n—100) + ---, k ‘ 
. = (n+2)o,(n) — (5n? ++ 8)o (n) — (bn? — 5n? —8n + Q)o,(n) uot 
e — (n* — n? + 5n! — 5n.— B)o,(n) ;-. (11.1) 
Lamah) = —p(n—2)—p(n—85) + p(n—57) + ..., S " om 


= (n—4)o,(n) — (5n? —2n + 1)e,(n) — (5? -n* —n—5)o,(m) - a ae 
— (2n*--2n? —9n! —4n —8)e,(n); (11.2) 
Lumssn) = EN. | 13) 
Lamin) = —p(n— 15) + p(n— 26) — pin-70)4 ..., 


'" = as (5n? +3n— —4)o,(n) — (5nð -4nðtán—1 )o,(n) 
— (2n* — 8n? 4n ? —8n + 2)o,(n ); (11.4) 
I msn) = p(n — 5) — p(n — 126) — p(n —241) + a 
= L 5no,(n) 889, -9mtov (m) nmm); O (11.5) 
Lime?) = 0; ; (11.6) 
Lymer?) = p(n-7)-p(n-40)tp(n-8l)- - Í 
z (n —1)o,(n) — (Bbn4-- 5n — 2)e.(n) — (5n? — 8n? + 2n — 8)o,(n) 
- — (2n* — 5n? + 4n? --2n —1)e,(n); (11.7) 
Á Tenn) = um) = Lier) = 0. (11.8-11.10) 
I have already mentioned that congruences (5.1), (7.2) and (11 5) were obtumed by 
But it seems that it was not noticed that the expressions occuring therein 


Ramanujan. 
were Iqmss’s, a8 it appears from the fact that Ramanujan obtained the ieft hand 
expression in (11.5) by considering the coefficient of z” in the expansion of 


"feft, 


where f(z) —.(1-z)(1—2*)(1—2?) 2599375 
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6. It may be pointed out that Ramanujan’s well-known congruences 
p(óm-4)z 0 (mod 5), à 
p(Tm-5) = 0 (mod 7), (3) 
p(llm--6) <= 0 (mod 11). 
follow by induction from the recursive congruences established above. 
l p(5m 4) = 0 (mod 5) 


follow directly from any one of the relations (5.0), (5.1), (5.2). That for modulus 7 
follows directly from (7.2). But any one of (7.0), (7.1) and (7.5) may also be used, 
although in a leas direct form, for they require respectively the further, although simple, 
results á ° 

- o,(7m+5) = 0 (mod 7), 
o3(7m46) = 0 (mod 7j, 
o;(7m+8) = 0 (mod 7). 


For modulus 11 the best relation to be used is (11.5), others may also be used less 
directiy. : 

In Ris paper Ramanujan (1921) derives his recursive congruences and (12) 
independently. 

I take this opportunity of offering my sincere thanks to Mr. R. C. Bose for his very 
* kind interest in the preparation and publication of this paper. 
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A NOTE ON SKEWNESS AND KURTOSIS 
By 
M. C. ‘CHAKRABARTI 
(Communicated by Prof. N. M. Basu—Received June 28, 1946) 


1. Letn be an integer > 2. Let z,, 2, @,...,%, be n real quantities, not all 
equal. Leb us set E | : 


u.c (a, tt,tast...tæ)/n, 


ter 
eon Eee E eo. 


Hi will be observed that c, and o, are the familiar functions in Statistics used for 
measuring respectively skewness and kurlosis. 


In a recent paper, Wilkins (1944) gives a proof of the well known mequality 


a, > 2d 2 . Ù 

He further proves the new result - 
Maxos(z, 2, ..., Zp) = -p-p 14. | 2) 
5 In the present note, by following an entirely different "process, Í have obtained ihe 
results (1) and (2). Further I have proved a T . 
Max a(t, 23, . . m) = n-2941[(n-1.- -"7 (8 


It is believed that the above result is new. — The note also contains a few interest- - 
ing properties ot the function (€ 24, . . ., Zn). f 
2, Let us set S 


a bp 14 EPA) i (AV 
i a) [12S oar 048) 

Then t ES =. 
a = völn, - ©) 
= 22 ytin | (6 

where-yj Vs |- Yn satisty the donations. 

i X ys = 0, (7) 

" > ^ en . " 

i Swen 0, o f 
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8. Proof of (1): The real quantities y,, Ya» .-.) Yn Satisfy the equation 


M 


0 = fü) = WVU). yy) = Bye t ys... (0) 


Consider the chain of Sturm's functions 
fly) = y^—1»y"7— 
ÁÐ = 1 gn yea 


h(y) = yy? 7+ ayy™ +. 


fs(y) = (x= 1—8 )y" 
‘ elc. ^ elc. ete. 
Binoe all the roots of f(y) = 0 are real and since the coefficient of y” in f(y) 18 positive, 
the leading coefficient in each of the above functions must be non-negative. Hence 
we get (1).* ; ae t 

4. Proof of (2): (i) For n 52, by (7) y, = —ys and by (8) y^ =1 
Bevgem ur diede os n0. Yi SYS £1. 

Hence a, = 0 = the value of the right-hand expression in (2) when -n — 2. 

(ii) . Lat. nes. - Differentiating (9) n—8 times and re-writing the equation so as lo 
mjake the leading coefficient n we get 
um f 20, 

Sn (-1- 
sine all the roots of (9) are Teal, a the three o A (10) are also real. It is well 
known that if y°+3b,0+.b,=0 has all its roots real, then b,*-- 45,* <0.. In this case 


= 0.- - - (10) 


NEN e 
ba ag and b, T GG ae m #2). and the condition g gives 
á 4a,? 4 
` a-a- mE’ 


whence we get 
as < (n-2)/ n 93. 


bes Erde ir to y,2 J(n-1, g;—-1lj/(n—-1, i-22,8,. ..... Q5 
= (n—2)/(n—1)3, we get (2). i | 
` It may be observed in passing that as o,(2,, £a, sea ta) is an odd function, 
Min os(z,, 2,, - . ., En) = —(n—-2)/(n—1)* and we ean write ` 
-(n=2)/(n=1} < a, < (n—2)/ (n — 1). 
5. The function a: From (1) it is obvious that a,(@,, 24, ..., 2n) > l. This can 


be obtained more simpiy from á consideration of the equation 


n 


1 n 
P2 (y +y?) = y* -2y o, = 0. 


* The above proof is valid for n > 8. Thecasa n = 2 is trivial, since in this case «4 = 1, 4 =0 
and (1) is obvious, 
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` Since this equation can not have two distinct real roots, it follows that a, = 1. Inci- 
dentally we observe that equality will hold if and only if y,* = y3? =... = yn’. From ( (8), 
V; = Í and therefore y = +1 (i—1,2,...,n) Since these ee “also satisfy. (7) we 
get the results: 

() Alti Ea. a 29) > 1 if n be odd; 


(à) C(z, Las ..., Zn) can be equal tol when n is even (equal to 3k, say). This 
value will be assumed, for example, 1f 


s 


a a4 b, i=1,2,...,4, 


^ 2; — a—wb, j=k,k+1,..., 2k 
where a is any real number and b > 0. i 

Since 

n 
{5 wh = Ew > yé ys? > na, 
i=l] 41-1 
d 5 

Yı = Ya =... = = 0 being impossible on account of (8). If follows, therefore, that 


a<n. Hence we can write 
lz om, Bas o o 2) n. 
6. Proof of (8): (i) Leb n= 2. From (7), Yı = —y; and from (8) y? =1 
kx We 4479 494 tl 


* 


and a, = 1 = the value of the right-hand expression in (8) for n = 2. 
(il) Let n=8. Since by (7) and (8) 


= (y HYP Ry. = (ys + yat + Ys*) +Y Ya Vis + YY) — 4yiysys(J; +YatYs) = 8a, 8. 


Therefore c,(z,, 2,, 45) = Í = ihe value of the right-hand member in (8) corresponding 
ton=ð. | á 

(iii) “Let n= 4, Differentiating (9) n—4 times and re-writing the equation so as to 
make the leading coefficient uniby, we get 


6 ye, 84 . 8(n-2a) 


Y-i *tG-1m-8* ^ (m-0m-3a-8) ^ qa) 


Since (9) has only real roots, (11) must also have 4 real roots. It is well known that a 
necessary condition for the reality of all the roots of the quartie y*+6b,y° +4b,y +b, = 0 
is that the quantity Í = b,+8b,*>0. Hence we get 


` (n—2o,) 
(n —1)(n —2)(n — zB SES 


whence 
i &, (n —2)-- 1/(n— 1). 
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Hénóa ` l : l 
LU Š Maxo(zy Ty, .. 0, Tn) S (n—2) t 1/(n —1). 
Since for 2,= /(n—1) a= -1/Y¥(n—-1), i=2,8,.. 3n, a = (n-2)*1|/(n — 1), 
(8) follows. j 
. , My thanks are due to Dr. N. M. Basu for his kind interest in the preparation of 
this note. © - - 
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ON A FEW GENERALISATIONS OF WEIERSTRASS*: ^^" 7 
NON-DIFFERENTIABLE FUNCTIONS T 
Br | | 
D. P. BANERJEE - i : pe WO ys 

. (Communicated by the Secretary—Received April 94, 1946)" " '. tat 
Woierstrass’ function is 1 . M 
Te) = 3 a? cos (b77z), F 


i) a 
where b is an odd integer, 0<a<1, and ab >1+387(1—a)/2. Weierstrass’ result has 
been generalised in various ways by Hertz (1875), Dini, Darbaux, Lerch, Faber. Hands- 


berg, Bromwich, Young, Hardy, and Mukhopadhyay (1938). 2x Vin SUA 
- Hertz (1875) has shown that the function dde edd aed 
> af cos?(b'nz) "X 2 es 


rao 
represents a continuous, but non-differentiable function, where 0 < à «1, EJ "ig positivo 
odd integer, and p 18 positive odd integer such that ab > 1# 8pr/2. 


Here I shall prove that the functioi - -t 
~ f(z) =$ ar cosP(^rma) i D^ 2 (0) 

represents á continuous but non-differentiable function, where 0 « a « 1, b. and m are posi- 
tive odd integers and p be even or odd positive integer such that ab >1+8pmn(1—a)/2. 
Then I shall construct non-differentiable functions containing Legendre's polynomials of 
the first kind. - : 

Let z have a fixed value and c, be the integer corresponding to each, value of n, 
such that c4—4 zz b^e < c4 4-4. " 

First, let æ, = (o4 —1)/0", 2, = (c, +4)/b”, and we have 


I(e,, 0,) = eð) E zi es - aS x ar(cosP(brrmæ,) — cos (Da mas)] — (— 1) r(x) “| jedes 











Now 
Á 
|cosP(brrmz,) — cost(b"rmæ,) | Sbrprm(z, —2,) s, sp , 
therefore we have . 7 
plen—1) ngú 1 
- Iía,,2,) = — Da a 2 . E 2 
where -1zAÀzjl. Let , . PE ; 
2 pmr ye 3 EC 7 
M cL i.e., -ab > 1-- ápma(1—o), Á 
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then we have 
I (ay, 2,)— = (= pecore, APT, 


where N,>0. . . m 


Similarly if aq! = (Cn—4)/b", z =(entl)jb*, we have 


I(z,', 2,') = (—1)9€*—9 a"b^N,/— A me, 


where N„'>0, and - 125 A <1 and ab >1+§pmn(1—a). 


Let p be odd integer. TÈ {on} be a sequence of even integers, ibis seen that as Cp 
has successive values in the sequence, l(z,, %4) is positive and increases indefinitely in 
numerical values and I(z,', z,) is negative and increases indefinity in numerical valuos. 
Therefore f(x) has no differential co-efficient at the points. "The same conclusion can be 
mad» in vase {cn} contains a sequence of odd integers f 


Secondly, let p be even integer. If {ca} be-a sequence of even integers, then 
I(æ,, *,) 18 negative and increases sndefinitely ji’ numerical value, and I(r,', z,) is 
positive and increases indefinitely in numerical value. Therefore f(r) has no differential 
co-efficient at the point &. The same conclusion can be made if {en} contams sequence 
of odd integers. Í 


Let Py(s). be the Legendre's polynomial which is equal to 


(—1)* (2p —26)! as "^ 
Sa (p — 2s) a Za LP. 


where q = p/2 or (p—1)/2 whichever is an integer. Let’ 


q o 
2e. f= $ aptos) 





(—1)*(2p — 28) | [pr 
Spre Jip 28). iU cost (b'arma) 


T= ' -0 =0 
= sum of finite number of series ot the type (1). 
Since each of these series i8 non-differentiable, f(z) is non-differentiuble. 


We know (Adams, 1878) that 


Am-rAr Amr 2n--2m —4r41 ) 
antam — 8T Lp 
)P ale) = > iða Anima N2n-c2m —201 41 ném-zr (2) 


where Am = 1.8.5....(2m—1)/ml and man. Then 
f(z) = X, Poleos(b^e ma) Pafcos(b"rma)} 
will be non-differentiabl e function, Similarly 
je) = 3, WP, {voa(b’xmz)}.Pp {cos(b*amay}. ... Pp, {cos(b'ama)} 


will be non-differentiable function 1f ab >1tgpmr(1— a). 
Let 





f(z) = >= a oM cosP{17,89. . . , (2r — 1)? a]. 
y=] a .. o a FA EE 


a —_ 


P4 
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Further tet æ have a fixed value and o, be an integer corresponding to each value of x 
such that 


(en 3) < 19.89. „er < (ent 1)n É 
where q is a positive integer. ' Tuet : f 
e 05 —1)r "T (ont$)r 
a = ge —— 5 — a, 
"o 4€85,...(2n—1) 14.82... . (2n — 1)? 
2. = (cn— 3 / (es tl) i 
4 = = 


TB. ^C 7 REC... (nr 
and we have- ` 
I J= (ees x = ETE ni. p(ca—1) ZL 2. oo’ 
where gd, terni od : 
2 
I , = Á“ p(ea=1) EF — 
(6,2) = Mp. 3 1 «- pn Sa 


where -1zA zl, 0p «1; and a2 1--$ps; then I(z;, z,) and Ke,’ , $4) have not 
the same unique limit whether the sequence {c,} is a sequence-of. even ör odd integers, 
Hence f(z) is non-differentiable function. Hence - 


f) = -$ TE —— gy Po, fcosl19.82, ... Br De] Ps, {cost10.8%. .. Er Ire} 
l - Py feos[14,82. . . . (2r— 1)22]] 





is a non-differentiabie function. 


A. M. CoLLBaE,  - 
MYMENSINGH. 
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SR ON A CERTAIN ARITHMETIC FUNCTION 
i^ d p (OB 
ABDUR RAHMAN Nasir 


(Communicated by the Secretary—Received September 14, 1946) 
Let ; e (n) = Z4, 


ut . L(»n)- e(n)— (+n) 
taking n > 1, L(0)- 0; so that L(n) denotes the sum of the divisors ot n excepting 
unity and itself. „Further, 1b is easy to see that L(p) = 0, if p i8 a prime number. 
Writing 


L,(n) = Lin), 
Lin) = LíL,(n)}, 
L,(n) = L{L,(n)}, . NE 
ate. ebe., . 
it appears that for given n and variable r (r = 1, 2, 3,. . .), the gequence | 
á - , Ln [72 1,2, 8,.. .] 
assumes only a finite number of values. 
This conjeclure was suggested to me by Professor 8. Chowlu, the Government 


College, Lahore. 1 have tested this conjecture upto n = 100 and find. that it is true 
upto this limit, It appears that for most of Lhe x A n SS dy 


| i La) = "0 
for a value of ; which is small as a io n. Thus for 1 <n « 100 there is a 
positive integer r satisfying (1) except in three cases namely 1 n = 48, 75 and 92. 


In these cases wa have 
L,(48) = 75, L,(48) = 48, 


L,(76) = 48, L,(75) = 76, 
L,(92) = 75, L,(92) = 48 
L,(92) = 75, L,(93) = 75, ete. 
Example of the other type is n = 85, Here 
L,(85) =-22, L,(85) = 18, L,(85) = 0. 
Again, taking n = 18, we have 
L,(18) = 20, L,(18) = 21, L,(18) = 10, 
. Li) —7, 1,(18)=0, 1,(18)=0, ere. 
Thus E,(18) assumes.only 5 vaiues namely 20, 21, 10, 7, 0. 


lt so seems to me that given any positive integer A, there aiways exist n such 


that the sequence 
L,{n) [7 = 1, 2,8,...] 
assumes at least A values. 


T. I. COLLEGH, Qapran, 
i PunzAp. 


A NOTE ON BIANCHI CONGRUENCE 


By 
Rasen SHANKER MISHRA 


(Communicated by Dr. P. L. Bhatnagar— Received September 4, 1946) 


It is proved in Eisenhart's Differential Geometry (p. 416) that on the focal surfaces l 
of a Bianchi congruence the Jines of curvature correspond and PP, ihe Beyrptotie 
. Lines." i 


The object of this note 18 10 show that on the focal surfaces of a Bianchi congruence 
the characteristic lines also correspond and to determine the equation of these lines. 


The equation of characteristic lines is given by (Eisenhart, 1909, p. 181) i 
-[D(GD- x 2D'(FD - ED!) |du? + 2| D''GD + ED")- -3FDD' ]dudv 
+ [2D'(GD! — FD*)— —D'(GD—ED")]dv* 230 (1) 
where E, F, G; D, ‘DY, D" are the fundamental quantities for a surface. = 


“But for ihe two focal surfaces fundamental quantities are given (Eisenhart, 
pp. 410-411) by (developables of the congruence being parametric curves) 


l n, = a (et +f), | p TOT fay (eur ^ 


tf) nnn) 
D; - 0, D =- eje | 
and - i 
no(t) ree) 
TE Di 
; Hó | pe ca tl). 


Hence the equation of characteristie lines on the focal surface S, of a Bianchi 
congruence for which p = constant and ðp/ðu = Öp/ðv = 0 becomes. 


[GT (GT -Er ee ata Gage 
UTE - ( G+ ff) uj Yos -0. (9) 
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But for this surface (Eisenhart, p. 416) 
ifi2V, 1.f22U _ 
ala] te] =o 
Hence the equation (2) becomes with the help of equation (8) 
; n 2? 12V {12 
slags ef y + elo] poete ran] om 


+ Gfac+ of Pt" + e(2Y oe = 0. 


Similarly using the relation (Eisenhart, p. 416) 


` © IYUV, 1 fW 
é {af G {ij =o 
the equation of characteristic lines on the focal surface S, 15 given by 


B elé it i + for + ég ze -46G P 2M aude 


«eleosel e(t pe eo 


which is the same as 'equation (4). * 


"Hence on the two focal surfaces of a Bianchi congruence the characteristic lines 


corréspond, 


For his kind guidance and valuable help the author is thankful to Dr. Ram Beharr. 
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ON YOUNG'S MODULUS FOR INDIA RUBBER 


By 
B. R. SETH 


(Received September 17, 1940) 


. It is generally made out that the dynamical „value, E, of Young's modulus for 
India rubber is greater than the statical value E, (Deodhar and Kothari, 1928). In some 
cases it is found that E ıs almost equali to 2E, (Puri, 1987). Various reasons have been 
given to oxplain this disprepancy. We propose to shew that the misiake, or at any rate 
a good part of 1b, arises from the use of Hooke's Law which holds good oniy when the 
longitudinal stretch is small. For large values of the stretch the theory of Finite Stran 
(Seth, 1985) developed by us should be used. 

To -begin with we find the extension produced ın an elastic string suspended by 
one extremity and having a weight W attached to the other extremity. 
Let OA, be the unstretched strmg, P,Q, any element of ils Jength. Let OA be the 
stretched string, PQ be the corresponding portion of P,Q,. Let w be the weight of a 
-unit, of length of the unstretched string, and let 1, = OA,, æ, = OP,; l= OA, c= OP. 
Ihen the tension T at P is given by , 
T = w(l,—2,)+W. . (1) 
Ii we use Hooke's Law we have the relation 
: | T = #9 (2) 
nbi 
and the extension in the string produced is easily seen to be 


^ 


iE a (Gwl, + W). (8) 


But in experiments conducted with India rubber the extension is nob small. 
In place of (2) we should use ' 





2T = E'[1— (dz,[dz)*], ^ (4) 
which is the result (Seth, 1985) given by the Finite ‘Strain theory. Thus 
x dz, V 2 
| (Y = 1- 2 (ot 72) 71. (5) 
which gives e a 
E! 2, 7—— i 2 à 
= Ejh- Ze L-z,«W) -{1-2aw+m} | (6) 
The extended length ! is therefore g:ven by ] . 
ho] E! = (1 -2W [Er — [1— 2] EP) w + W)]3. (7) 
If W=0, we get 
weg B = Bw (8.1) 


2(L—1) 


L 
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Also EE I 5 i 
- = ljw í m (8.2) 5 
2(L—1,) a 
which shows that ~ 
B/E, =P, A (8.8) 


and hence E' > E,, as it should be. For l= (9 we get E! = 2E,. 


If we can take w — 0, as is generally the case in experiments conducted with 
India rubber, for W is very large compared to w, we get 


LÀ 





- WW 
; = (9.1 
: Z E P-1,? 9.1) 
^ me : E, zt HW (9.2) 
l- 1 
and henee ; 023 
D m$ , í (98 
E, LHL ` T ) 


which again shows that E! > E,. Ift=1.5l,, we get E! = | .8H,. 


Thus in all cases the value of E! obtained by the Finite Strain theory 1s greater 
thun E,. obtained by using the Hooke's Law, and hence E’ approximates more to the 
dynamical value than E,. - . = 
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QUANTUM ELECT RODYNAMICS AND THE INTERACTION :OF * 
HYDROGEN.LIKE ATOMS WITH A RADIATION FIELD ` 


SR Br 
C. JAYARATNAM ELIEZER 
(Communicated by the Secretary —Receyoed June 28, 1940) 


1. INTRODUOTION 


It is well known that when ihe higher approximaiion terms of ihe. perturbation 
theory are taken into account, the quantum eiecirodynamics of Heisenberg and Pauli 
(1929 a and b) gives an infinite displacement of spectrum lines of hydrogen-like atoms. 
This difficulty arises irom the circumstance that when one attempts to solve the wave 
equation ‘by expressing the wave function as a series in ascending powers of thé charge £, 
oi the electron (or in powers of the nuclear charge Ze), then it is found that the. second 
and higher order terms of this series contain divergent integrals. i l 

Dirac has recently given a modified form of quantum electrodynamics {Dirac, 1989, 
1942) which differs from that of Heisenberg and Pauli zn two essential respects. Firstly, 
it makes use of a certain limiting process (known as the A-iimiting process), which is 
taken over from the classical theory, where a limiting process is necessary to express the 
equations of motion in Hamiltonian form. Secondly, Dirac's quantum electrodynamics 
uses for the purpöse of physical interpretation, both positive energy photons and negative 
energy photons in the process of second quantisation, whereas Heisenberg and Pauli use 
only positive energy photons. 

In a recent paper (Eliezer, 1946 a), 1 have examined the interaction of a  freo 
electron with a radiation field, on the basis of Dirac's quantum electrodynamies, and 
have shown that the interaction is free from divergence, to any order ol approximation 
in the perturbation theory, provided one takes the particular solution which corresponds 
to outgoing waves of the electron. „I have also applied the theory to investigate the 
probability of certain multiple processes (Eliezer, 1945 6). 

In this paper I apply Dirac’s quantum electrodynamics to examine the. interaction’ 
ot hydrogen-like atoms with a radiation field. We take the nucleus as fixed, and we 
obtain the wave function of an electron of charge e which is bound toa nucleus of 
charges —Ze. It will be shown that if one takes the particular solution which: “corresponds 
to out-going waves, then the solution is free from nr to any’ order ‘of approxi- 
mation in the perturbation theory. 


i 


D 


nce 2. THE WAVE EQUATION AND ITS SOLUTION 


The wave equation is SN . 
(p Hy 07 2 (a) 
where the Hamiltonian H i» given by | 

A = a.(p—eA)+mB+Ze7/r, © D OC qum 
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where the four-vector æu gives the time-coordinate z, and {he space-coordinate X of the 
electron; Pa p are the energy and momentum operators given by po = ih(0/0m,), 
p= —ih(9/Ox), o, B are the usual Dirac matrices. The unils are so chosen that the 
velocity of light is unity. The scalar product notation 

(a, b) = a^b, = a,b, —a,b, = a,b,—a.b T 
is used, summation from 1 lo 8 being implied when Roman suffixes are repeated, and 


from 0 to 8 when Greek suffixes are repeated, The vector potential A(z) is expressed as 
a Fourier expansion by 


Á (a) = (EÐA) = J (emn Jos. 


where 
Ok = ho dk, dk, dk, 


Eir and £i are respectively the operators of emission and of absorption of a photon 


with energy and momentum given by ku, > means a summation over both values 
A » kost 


+ (k? +k? tk?) for ko, and the £'s satisfy the commutation relations z 


Eir En = ete = 0, & £i B Ee = O, | à 
Sota Gto = = Ere ll) (s kg Joni) Sfk, — 1") 8 (e, — Is!) (s — 1) 


Ag being a small time-like four-vector whose direction is within the future light cone, 
so that 
A,>0, AP =A,F—-AP > 0, f (4) 
and the metric g^" is such that g” = 1, g!! =g” z 9g" = —1, while the other compo- 
nents vanish. 
To solve, the wave equation, we lollow the method of the perturbation theory E 
treat the radiation field as a perturbation, and try a solution of the form 


ym debba e (5) 


where Yo, Yı... are in decreasing- order of magnitude; We do not make use of the 
Born approximation according to which the Coulomb field also is treated as a perturba- 
tion, because such an approximation will not be valid for our purposes here, and we must 
therefore retain the term Ze?/r in the Hamiltonian of the unperturbed system. E 
Substituting (2) and (5) in (1), and equating terms of the same order, we obtain 


Ze* 
Po~a.p—mp +2" ]y, = —e( AN (6) 
Taking n = 0, we have 
Ze? x 
[».- xp- n4 |, = 0. (7) 


This is the relativistic wave equation giving the stationary states of the atom, and its 
solution has been investigated by many authors (Dirac, 1985 ; Darwin, 1928). We denote 
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by us emp (- iB) the normalised wave function of a stationary stale in which the 
~ energy is Ep. xo 

Suppose that initially there are no photons present, and that the atom is in a 
stationary state of energy Em. Then 


Yo = tm exp( — Emir, (Í). (8) 
The first approximation torm y, of the wave function is given by 


Ze? f ' 
[». -Xp-mB4 í ly, = ~6(0.A)um oxp(—iB nity h) 
which, when we substitute for A, becomes 
". 2 
|o-s0- mer, = -Aee E for firtin exp(—iEme tk, 0) 


„where we have made use ot the relation 
- s " EUn is 0, : (10) 
which is the condition that there are no photons present in the initial state. We solve 


for y, by "expanding in terms of the eigen functions of the unperturbed system. If we 
suppose that 


= DS SD tgmtig exp filthy — Em2, /h], 
then komt P g l 
apm = (GR Qn)" 0 / (Ba — Ey ik) bv Ol f tp arim 0 dx, 


where dx = dæ,dæ,dz, and the integration is over all space, Hence we take 


Vi = - GR). % 3 | En-2,- hk) "Enak | us ous o xau, apil ik, — -En)æ, (|. | 
o7*t 
: (11) 
Thé-ábove solution is valid only when Em— E,—hkz does not vanish. -To have a solution 
which applies when E,,— E,-Kk, = 0,' we replace (Ej — Ej —5k,)^ in (11) by 


(Em— Ey — hit)! —inb(Eq, — Ey — hiko), 


thus taking the solution which corresponds to oui-going waves (Dirae, 1985; Eliezer 
1945 a). Hence, instead of (11), we take y e ‘ 


- (ilo) e X X. {En Ey e) ind Qs By~ Bik) Yeh 
x[ Í tar te eðr us exp filtity—Eq)t/R}. (12) 
When we substitute this value of y, in the equation v | 


[pe-ap—me+2 |y, = —-e(.aA)ý, 


from which y, is obtained, we see that the right-hand side has two terms, one containing 
£i £j. and the other containing bite £p. The latte: term may be reduced by the use of 


` 
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ihe commutation relations (B) and the equation (10), and is then seen to be of zero 
. degree m the £'s. Thus y, consists of Lwo parts, one of second degree and the other of 
zeo degree in the £'s. Similarly, for any n Yn consists of a sum of terms of degree 
n,.%—2,n—4,... respectively, in the f's. Let Yam refer o that part of Yn which is of 


the mth degree in the £'s. When n is odd, then m is odd; and when n is even, m also 
is even. 


Ya, is given by 


t 


: ay. 
[». -a.p-mBt es emm (Qe) re 2, Asr en my Ok’, 


and hence : ` 
ha = HRs) 3 X X f f |En- Etiko- hi Jis - Ey kA) 
T x (Qs Ep- B) inb Ep ka) Jv fr BHO 

x4 f uaipe E x ax}{ f wine ar op (ik, +R’, Eja Rb." (18) 
Similarly 
Yaw = Min)? " z f z [ff |En- Bahk eh) ind En Ei — fk, +h’) 


x (an E, -hk) c irð(Em AE E, tie) } 6 £s Err ok'ok 


PE x x / uz Agip == ár / Up Art mg EE ár þug exp {i(tk, — kk', - Emzalh. (14) 


When we use ne commutalion relations (8) and the equation (10), the equation (14) 
becomes 


= — 2 -3 put ee 4 jml a = = ' 
Ya = — Fh(0n) 20? ake /{æn By le tK) — inb, Haiko tk!) | 
x [0,. 5, Jik.) -1irð(E m Ep kk) (Irat lala) (k, + k',)e7 i08 8&(k — k)ok'ok 
x { f Ug Aupo iX- ax\{ f Up Oti o EE da} us expfi(hk, — hk', — Ey), fh. "(15 
We perform the integration with respect to k' thus obtaining : ' 


Yao = cce 3 3 z f(m.- —Eg7 —in3(Em — E, Hæ - E, — kk) = inð(Em —E,—Wik,) 


X (gs, bl oH) an / uy agis Í u$ avus e Ends pu, exp( — E, /R). 


We integrale with respect to k by transforming to polar coordinates so that Ok = k,dk,dO. 
We may take without loss of generality A = 0, which is justifiable from the condition (4): 


QUANTUM ELECTRODYNAMICS 
The integral with respect to k, in (15) is of the form 


where a, b are independent of kọ. The integral (16) has the value zero, because 








oD irs] 
/ "S (a— key) 1k, oo dk, = Linge ied = / Sirð(a — k,)a-iko dk, 
-00 


> i 
Ya = 0. f (17) 
When we proceed to the higher approximations, we see that the integrals that occur in 


the wave function Yam when m is not equal to n, are of the form (16), and we thus have 
the general result b 


Hence 


fans = 0, for m Æ n, (18) 


Yun ean be written down easily for any n, the expression for it being similar to that of 
Yan in (18). e 


£ 


8. DisoussION Ln i 


We see then that all divergences in the interaction with a radiation field of an 
electron, which is bound to a nucieus by a Coulomb field, are eliminated when we use 
the A-limiting process and the negative energy photons, and take only those solutions 
which correspond to out-going waves.* If we use a form of the theory which does not 
make use of the A-limiting process and the negative energy photons then the integral 
with respect to k, in (15) has the form 


o 
| e ds, 
0. 
‘which is divergent at infinity. If the theory makes use of the A-limiting“ process but not 


the negative energy photons, then this integral has the form 


ts] 
EO f (a—k,)- k, cos ble, dk, 
0 
which has the same value as 


a f (a— k,) cos bk, dk, = (cos ab) n 2082 d;.— (sin ab) / at, 
0 ab ab 


which is covergent at infinity, but does not remain finite as b tends to zero. For small 
b, the integral is of the order log (ab), which tends to infinity as b tends to zero. Hence 
the A-limiting process, as well as the negative energy photons are both necessary eð 
secure the elimination of divergence. 

The above solution shows that radiation damping does not cause any displacement 
of spectrum lines, nor does it have any effect on other radiative processes such as the 


* After the completion of this paper I have been informed by Professor P. A. M. Dirac that he has 
found a simple general method for handling any one-electron problem. The details are not yet available. 
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photoelectric effect, bremsstrahlung, etc. The calculations which have already been 
made to obtain the probabiuties of these processes are therefore exact, contrary to what 
has been believed so far. 


SuMMARY 


Tbe solution of the wave equation of a hydrogen-like atom interacting with a radi- 
ation fleld is investigated, It is shown that when the radiation interaction is taken as a 
perturbation, the wave function is free from divergent integrals, to any order of approxi- 
mation in the perturbation theory, provided one uses the A-limiting process and the 
negative energy photons employed by Dirac in his quantum electrodynamics, and also 
takes the particular solution which corresponds to out-going waves. If the wave func- 
tion Y is expressed as a series wd bu cio, where Yo, ¥,,... are in decreasing 
order of magnitude, and if ýn,m denotes that part of Ya which refers to m photons. then 
it is shown that a.m is zero for all values of m different from n. It is thus. shown that 
radiation damping does not cause a displacement of spectrum lines. nor does it influence 
other radiative processes such as the photoelectric effect and bremsstrahlung. 


The author records with pleasure his warmest thanks to Professor P. A. M. Dirac 
for encouragement and advice. ^ 
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ON THE CESARO SUMMABILITY OF THE SUCCESSIVELY 
l DERIVED SERIES OF THE CONJUGATE SERIES 
OF A FOURIER SERIES 


: Bv 
M. L, Misra 


(Communicated by Prof. N. R. Sen— Received October 18, 1946) 


1. Letjf(0) be a function which js integrable (L) in (—z, n) and defined outside this 
inlerval by periodicity. Let the Fourier series of f() be 


ot = (a4 cos n8 + by sin n6). 
Then the conjugate series of this Fourier series is 
2a 
SD (ba cos n6 — a4 sin n). 
nal, 


The series Š 


pud (dn cos 26+ b, sin nô), 2 d (bn cos nO — a4 sin n6) 
: Erf dp de 
are respectively the rth derived series of the Fourier series and its conjugate series. 
Suppose also that there exists a polynomial of (r—1)-th degree 
Tol dp 
P(t) = tan 
. ( ) : Ani 
such that 
g(t) = [((0-- t) - P()) + (- 1)'1/(6—1) - P( 0) ] /2t, (1.1) 
h(t) = [((0--2) — (5) - (71 i) - P(-2) Ar (1.2) 
are integiable in (—7, 7) and defined by periodicity outside thisrange, The rth general- 
ised derivative of f(9) has been defined to be the limit (Zygmund, 1935) - 
lum r! g(t). 
t->0 

Wang (1984) has proved the following theorem for the rth derived series of a Fourier 
series :— 

Theorem W. If g(t) is summable in (—x, x) and the Fourier series of g(t) ie 
summable (C, 8), 87» 0, to the sum Á at t = O, then the rth derived series of the Fourier 
series of f(8) is summable (C, r+8) to the sum r1.A at the point 6. 

The object of this paper is to investigate the analogous problem for the 1th-derived 
series of the conjugate series corresponding to f(9). We prove 

Theorem 1. Jfh(t) is integrable (L) in (— s, n) and is defined by periodicity outside 
this interval and if the conjugate series corresponding to h(t) ts summable (0, o), a> 0, to 
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the sum 8 at t = 0, then the rth derived series of the conjugate series corrennonding to 
{(0) ig summable (C, rt a) to the sum r1.S at the point 6, 

From Theorem 1 and the well-known theorems on the Cesiro summability of the 
conjugate series, we deduce a number of theorems concerning the Cesàro summability of 
the rth derived series of the conjugate series. 

I am muck indebted to Dr. B. N, Prasad for his kind interest and advice. 


2. We shall make use of the functions y,,2(t) and o,4,(t) where 
E I (1-uy*eosiudu, oli) = T (1—u)*sin tudu. 


0 0 
It is well-known that 


mað = ES) 0,0, k>0, (2.1) 


where C,,(t) is Young's function which has the convenient property 
(4/dt)C, x(t) = C(t). (2.2) 
Also (Verolunsky, 1982, pp. 898-899) 


Tikli) == Saar = Iba) o 


The function c,,1(f) and its derivatives are uniformly bounded for ail t and as i-> co, 
T) = 00/0, k>0, 
o(,() = 0 ftr), kr. | (2.8) 
We require the lemmas :— 
14 jl (ek-cp) 
T) ÉL -1M9T70,—3À——— B 
Lemma 1. of? (t) FPA, 1) kra) 
This 18 known (Bosanquet, 1984, p. 19) but for the sake of completeness, we prove 
it here. We have Í 


Or cbr pit); for k> re 


m TE ma = res 230 | 4) 


If r is any integer not greater than k then differentiating (2.4) 7 times by Leibniz’s 
theorem and making use of (2. 54 we have 
l IT(1+k+p) C (t) 
(n (t) = F pr, REA S Ss 
era PA Tb Cora ek rep) Bb 
whence the result follows, 


ro VU+k+p) 20, 
LEMMA 2. m 1)? "Cp PT skori) = (-1)rl. 
We have 
S, (- 1) 1p att = S (1902? = Ha), ^— (2.5) 
p=0 p= 2 


Differentiating (2.5) r times and putting z = 1, we get the result, 
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9. Asshown by Prasad (1981, p. 277) and Verblunsky (1982, p. 400), the kth 


Rieszian mean of the conjugate series, say By(w) is given by 
o 
Bk(w) = z f (/(064-5 —f(0 — 0o awt)dt = = / f(6--t)o, a (wot)dt = 2 f f(Bo, (wt —6)dt. 
0 0 -0 


Similarly the kih Rieszian mean of, the rili^derived series of the conjugate series is 
given by : 


Bio) = ef OZ, lew] = (17 i om 


(r) 








= (=1)- efai -o a (t)dt = 





Now since ef} (wt) is odd or even according as r is even or odd ind since for t= 0 


of) (wt) = 0 


, when r is even, we have, by integration by parts and using (2.8), if r— p be odd, 








I] - 
p poi 
wrt / rof, (widi = w [E oppo- 


t rti 
Tt(- -y PI ; "Epp (ot) (709 ‘a oP \(wt)dt 
0 


e Lo. wre] Í UP Ut) es d 73) as i oo 
At SA) 


= 0, Á 
torp=0,1,2,...,(r—1). Hence 
ud J, 
wr J Vott (wt)dt =0 
— 
lor p = 0, 1, 2, peo (71). Therefore x 


Bu) = (-y 9 — A ((04-£) - P(0)}o 9, (wt) dt 
=(-y =f le) PW} - C D'f(6—9— PC- Heg. (wba 


e Surt f h(t)tot) (wt)dt, 
0 


by (1.2). Or 


ks Qs D(ltk+p) 2w (^ f 
Bw) = (-1y ATH Gr gr J A(t) kr, p(we)dt, 


by the Lemma 1. 
9—1615P—4 a 


154 soo 07 — UM. L. MISRA > 


- : If we put k = r+,a,-this bocomes - 





Bw) = (-17 $ (-1 "o 1€* riag) 2w if h(t)orsesp(we)dt ” 
pro 


— I(itatp) ` - 
= < r D(l+r+a+p) 2+ P(ayt Í 5 
A WE. (= 1) y 2. -1p Cp Tcp) BS (u ) , : (8.1) 


sun gs? ^ (wo) is pt MORD b Rieszian mean of the conjugate series corresponding to 
h(t). 

Now- if the: conjugate series es corresponding to h(t) is summable (C, a) to S at t= 0, 
then Y 


l lim Bow) = 
ER vo = 


and hence nye the aay theory, 
E lim B**?(w) = dt (78 
w—o - 
for p = 1, 2,8,...,7. Therefore . 
Br**to) = (-1 | S (1) "e^ esty d = 718, 
for «> 0, by the Lemma 2. MS 
This proved the Theorem 1. z 


4. Now we shall deduce a number of theorems from the Theorem 1 and some 
well-known theorems on the Cesàro summability of the conjugate series, In the state- 
ment of these theorems we suppose that a polynomial’ P(t) of (r—1)th degree exists 
such that 


A(t) = [f+ 0) - P(Ð}-(-1)ff(0 —t) - P(- 8} /atr 
is periodic and integrable (L) in(—7, n). Thus we get the following theorems :— 
By the application of Hardy and Littlewood’s theorem (1926, p. 215) 


- Theorem 2. The rth derived series of the conjugate series corresponding, to f(0) is 
summable (C, k> 1) to the integral 


2n (HO a E MM 


provided that this integral exists in Cauchy’ 8 sense and pravas further that 


fine )Jdt = o(t) 


h(t) = o(1). 


or in particular 


Bayer's theorem (Sayer, 1980, p. 39) for the first derived series of the conjugate 
series is the case r = 1 of the parlicular part of the Theorem 2. 
By the application of Prasad’s theorem (Prasad, 1981, p. 274), we gel E 


x 
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Theorem 3. The ith derived series of ihe conjugate series for {(6) is summable 


(C, k > 1) to the integral 
f 2r 1 E Ma c - 


provided that this Ba exists in Cauchy's sense and provided further that h(t) is 


bounded 
By the application of a | special case of Hardy and Littlewoods oem p. 279) 


theorem, we get 
- Theorem X. The rth derived series of the conjugate series for f(0) is summable 


(0, k 2 7) to the integral " 
2r! SE h(t) at, 


provided that this integral oxiats in Cauchy’s sense and provided further that 
i ^ ne dt = O(t). ^ 


By the application of Paley's Mean (Paley, 1980), we get 

. Theorem 5. If the conj, limit h(t) = S(C', a), a= 0, then the rth ar series 
(0 

o the conjugate series for f(0) is summable (C, o- r3) to 71.8, 870 


A theorem, depending upon the use of a generalised type of integrals, has been 
given by Bosanquet (1940, p. 287) for the summability (C, a+r), «>0 ind r integer, of 
the sth derived- series of the conjugate series, but the results are of rather complicated 


character. 


MAHARANA BHUPAL Cougar, 
UDAIPUR, TNDIA. =- == 


t 
wo ETP 
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ON INTERPOLATION FORMULAE IN TWO VARIABLES 
WITH RECIPROCAL DIFFERENCES 


By 
8. D. UPADHYAY 


(Communicated by Dr. P. N. Dasgupta—Received September 18, 1946.) 


A general formulae for interpolation in cwo variables had been worked out by 
Dasgupta and Lal (1940). The theory of Reciprocal Differences was introduced by 
Thiele (1909). Some applications of Reciprocal Differences as applied to two variables 
had been discussed in two papers [Dasgupta and Singh (1944); Prosad, Singh and 
Dasgupta (1946)]. ‘The present paper gives further work on the subject. 

Defining the operations p and s as 


A A 
w w 


E ad ofl, y) = —— ——— 
(c w, y) — fle, y) f(x, y+ w)-f(. y) 


and denoting briefly f(z, y) by 00, flat, y) by 10, fle, y #10) by O1, and so on, 
and putting 


Pf, y= 


t 


a= 10-00,  « — 01-00, 
bell-01 $=11-10, 
, c290-10, = 02-01, 
d=-ll,  d'—12-11, 
e=12-02, e = 21-20, 
f=22-12, f= 22-21, 








we have ` ' 
A A ^ 
w ` w 
efe. y) = x = 10-00 
Fw, y) - fie, y) 
and 
^ ^ 
w w 
EÐ 
f(z, y +w)- f(z, y) 
Now 
A 
" w _ (01--00)(11—10) 
pof(z, y) = — A 01-«10—00-11' 
nU M Ms 
11-10 01-00 
A 
| Q0- 0011-01) 
epf(z, y) = n x 01s10-00-11' 


11-01 10-00 
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Denoting, more briefly, pof(z, y) by po, and epf(z, y) by op, we have, 


op = ab[(a— b), 
and ; 
po = alb! (a! — b). 


We note that a—b is on invariant, and so 
I4 


po = op 
only if ab ie also an invariant, Again, i Sr 
ie w (20 —10)(10—00) . 
PP Ea 2810-00-20 = 
20-10 10-00 
Similarly 
og = ao f(a! — c). 
Hence 
. pp = cc " 
if ac/(a—c) = aoj (a! —c!), i.e., if ies 1/c is an invariant. 
We find further 


$0(10--01—00—11)20--11—10— La) 
pu Gi- 11)(20- 10)(104-01 —00 —11)- (11 —01)(10 — 00) (20+ 11 — 10 — 21) 











w(a— b)(c —- d) 
A = ed(a— b)—ab(c —4) 
Similarly 
w(a! — b!) (c! — dl) - 
7p? = gid'(a! — b) — a! (c! a) 
Since a—b = a'—b', we have l ` T 


pop = opo sið 
if a-b = a —b' = 0, orif able b) - cd[(o —d) is an invariant. 
Again we have 


w(2.11 —01 —21)(2.10 — 00— 20) 
7PP = (31—11)(01-01)2.10 — 00 — 20) — (20 — 10/10 — 00)(2.11 —01 — 21) 





wla—c)(b— d) 
N = bd(a— c) - ao(b — d) 
and 
^ web!) 
poo = giga —)]-—a'e (o dy’ 
80 
opp = poo 
if ac/(a—c)—bd/(b—d) is an invariant. 
We have 
. w(11+02—12—01)(10 +01 — 11 —00) 








77P = (1 —01)(12—02)(10 + 01 —11 — 00) — (10 —00)(11—01)(113-02 — 12-01) 


(5) 
(8) 


(7) 


. (8) 


(9) 


(10) 


(11) 


(12) 
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w(a— b)(b — e) 




















2 = be(a— —bj—-ab(b—e) (18) 
Similarly : 
2 wla —b') (b! — e) 
PP? = ret(a! —b') —a/b (5! —e)- (14) 
Hence ie 
cop = ppo (15) 
if a-b = 0, o if ab/(a—b)—be/(b~e) is an invariant, ` : 
Again we have ^ 
=1/| | (Que12- —22 —11)(20 + 11—21 — 10) 
PINE (21 —11)(22 — 12) (20+ 11-21 — 10) - (20 —10)(21 — 11,21 + 12 22 — 11) 
(114-02 —12—01)(01 + 10-11-00) ] 
~ (11-01)12-02)(01 + 10 — 11 — 00) — (10 —00)(11 — 01)(11 + 02212 —01)3 
-d)(d—f) (a —b)(b—e) 
-i xe cunc) ERE Mac UP" (6) 
Similarly, b 
E (c! — dl) (dt — f! (a! —b/)(b! — e!) 
epe = 1 / la a Bala Soak on 
Particular cases: (a) a—b = a!—b! = 0, then 
He _ df(c-d) - cd(d—f) diff) 
perp epee = eae). aA 
So, if a-b = a/—b! = 0, and if further cd/(c—d)—df/(d—f) is an invariant, then 
> ‘ prop = oppe. x a2 


(B) b—ez o'—d'— 0, then 


_ df(c— d) cd(d —f) „bleta! = b!) —a'b! (b! — a!) 
prep epee (e-d)d-h X (w-Wy;-e) te 


— b/ dfc — d) — cd(d —f)] + (d — f) [V'e'(a! — b!) — arbo! —e?]. 
(o —d)(d —f)(a! — b!) 








So, if further - 
(a! b) [dfc d) — cd (d —f] + (à— f) [b'ea — b!) -abi — ^y] = 0, 
then prop = oppor. Now, Since a—b = a'—b', the above condition may be written thus: 
If (a —5)[df(o — d) — cd(d —f)] + (d! — fr) [b'e'(a! — b!) — ab'(b! — e')] = 0, and b —e = o =d! 
= 0, then 
“ poop = appa. (19). 
(y) If b/—e! = c'—d! = 0, and if further i 
(a! — b/)[d'f'(c! — d^) — e'd'(d' —f^)] + (d —f)[be(a —5) —ab(b —e)] = 0, 
then it follows, by symmetry from the preceding case, that — | a 2$ 
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E op = oppo. G0 0:77 Q.(20) 
We find again T Tas ; 


eee 1 (11--02—01—12)(21 + 12—11 —22) RH 
(92-1281 —11)(11 + 08-0112) - (12-02)(11 01) 1 + 12-1122) 

















"ue mE ^ (10:-01—11—00)020-- 11—10— 21) ] 
~ @1—11)( (20— 710 0:01— 0011) = (11 -01)(10 -00)20 + 11-10-21) 
= | (b-e(d-D) hól qe ae 
E df(b —e) — be(d =f) ae l " eu 
similery, - : : i : 
- cM (b! — e")(d! — =f’) -< (a! — b')(c! — -d)' ; 
| p pc [s AÐ — 6!) -breid f) eð e al (c! — á (22) 
Particular cases: (a) a— —-bza-b'-0, . 
to df(b—e)- be(d— f). , afb 2 - bre (dr — fr). 
eto Eee af) (=) 
So, if a—b = a!—b! = 0, and if further be/(b—e)—df/(d—f) is an invariant, then 
cop = popa. - a Wa „ Q8) 


(B Ife—d = d’—e' = 0, a 


= -_ df(b-e) —be(d— D, cd! (a! — b") — a'b'(o! — d!) l 
PTS a bl — | 
= _ (ald) [df(b—e) -beld — f] + -pod w- 8) - rre! ^] 

(a b! (b —eyd—) 
. (since e/—d! 2b —e). So, if further - EE — 

(at— b!) [df(b — e) — be(d —f)] + (d— f) [o'd'(a^— bi) — — a'b (—dn] =0, : 
apep = prpc. Now, since a—b = a'—b!, and d-f = d'—f', the above condition may 
be written thus: a "M 

If c-d = b/—e! — 0, and if further (a—b)[df(b —e) — be(d —f) | + (d/ — f!) [uaa — b!) 
: -a/b'(c! — d')] = 0, then du 





opop = popo. (24) 

(y If c'—d'z b—e = 0, and if further ; E ud bs 

(a! — b)|d'f (b — 6!) — b'e (d — f)] + (d — f)[ed(a — b)-ab(o-d)] = 0, - 

` it follows trom the preceding case by symmetry that , ERR 
cpap = popo. aw * (25). 


(8) If d—f z d'—f' = 0, then 


_ = ab(c—d)—cd(a—b)  a'b'(c! —d/) —c'd'(a/ — b!) 
"erp pope (a-Be-d) Boa} 


So, if d—f = d!—f! = 0, and if further.ab[(a—b) — cd] (c —d) is an invariant, then 
JJ opop = popa (28) 


160 ; d 8. D. UPADHYAY 


Again we have, 








cp et | (à12-02-92)9.11-01-21) — 5 
SEE (22 —12)(13—02)(2.11—01 —21) - 81 —11) (11 —01)2.13 —03 — 22) 
(2.11—01-— 21)(2.10—00 — 40) ] 
~ G1-1D1-01)( 10—00 —20) — (20 —10) (10 —00)2.11 — 01-21? 
» (b—d)e-f) (a— c)(b -d) l 
ur d)— big bd(a —c) — ac(b — al "n 


Siml arly, 





_ (b! — d!)(e! — fr) (a! — c!)(b! — d’) Lo 
at e'f'(b! — d!) — b'd'(e' — f!) ST cereale dS) 


Particular cases: (a) I1 a—c = 0 = a/—c!, then 


ef(b—d)—bd(e—f) c'f((b—a! —brá(e' — f^. 





SO" G-Se-n ——— (-(ye-f) 
So, if a~o = a/—c' = 0, and if further bd/(b—d)—ef/(e—f) is an invariant, then 


ccpp = ppaa. (39) 
(B lie—fze-—f = 0, then e 
.,.ac(b-d)—bd(a—c) a'c'(b'—d') —b'd'(a' —c') 
rp or (a= =A) CC GÆTT l 
So, if e-f=e-f = 0, and if further ac/(a—c)—bd/(b—d) is an invariant (in 
which case poo =cpp, a8 observed in (12)), then 
i = 
Topp = ppor. (80) 
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preparation 'of the paper, and the Patna University for awarding a Research Scholarship 
to the author. 
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ON PARALLELISM IN RIEMANNIAN SPACE II 


COS cuim e teet s FIW x By-- - a a lah e ce dm 
eiut T. R. N. Sex 
A a | (Recewwed November 28, 1940) 


Y This paper is a continuation of a previous paper (Sen, 1945) in zl we 
considered, in a Riemannian space of n dimensions with the fundamental metric tensor 
E and the fundamental vectors rh* forming an orthogonal ennuple, the parallelism 


CAE TALIT Vs AV Wy Vides = 0 að (1.1) 
where T i 
j= ET NES "E a AA) gu = uns Th, = gust. - 


. With referenve to the letters used as indices, anal letters are used jo coordinate 
indices while capital leiters are used for: indices referring to the orthogonal ennuple. 

he signs of summation with respect to coordinate indices, when they occur. once . above 
and once below, are left out, but those with respect to indices referring to the ennuple , 
are retained. Further, in what follows, the notation () with a subscript i is used to denote 
covariant derivative with respect to parallelism (1.1) while the notation ) with a pune: 
cript stands for covariant derivative with respect to Levi-Civita pre að, Í 


- 3 


Although the process of covariant differentiation is applicable in a space bearing 
affine connection, the theory was originally based on the concept of parallel displacement. 
By covariant differentiation with respect to a parallelism is meant here exactly the same 
process as is usually applied in a space with affine connection, whereby the coyariant 
differentiation of the sum, difference, outer and inner product of tensors obeys the .samé 
rules as ordinary differentiation (Hisenhart, 1927). The analytical theory of affine space 
based on intrinsic differential invariants of this space may be carried over to metric space. 

^  À displacement, for which the covariant differential of a vector is zero, is a parallel 
displacemeritc of the. vector. (Struik, 1934), and in a metric space, where we can speak of 
éontravariant.and covariant components of the same vector, a parallel displacement -of a 
vector may be given by the vanishing of the covariant differentials of its contravariant 
components. When the scalar product of two arbitrary vectors remains invariant for a 
parallel displacement of the vectors, the covariant differentials of both the contravariant 
and covariant „components of a vector vanish for this parailel displacement. The word 
displacement is of coursé used in the sense of infinitesimal transportation in tha direction 
of progress. 


In.the paper 1eferred to it was seen that 


L 
T. = vi-li = g"(gu)o (1.2) 
where { ait is the Christoffel ‘symbdl. . . "M 
Now, if we put, A bios 
| fr = (gið V dad gh, po sé 
838—1615 P—4 : 
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\ ` M 


then the components fr of the vector f measures the rate of change, with respect to the 
arc, of the scalar product of the vectors V and de when these vectors are given the 
parallel displacement (1.1) m the direction of rh, Since the components of f referred to 
the local system (the orthogonal Sp are fr, its components referred to the general 


system are. 
= ferh. 


If therefore the notations d and ð be used to denote increments in Sonido with ihe 
parallelism (1.1) and the Levi-Civita parallelism respectively, 15 follows from (1.2) that 
86V! = dV'eft, 8V: = Vit fi. 
Hence the increment of a vector V when the vector is given the Levi-Civita parallel 
transport along an elementary path dz is equal to the sum of its increment when given 
the parallel transport (1.1) along the same path and the vector f depending on the inere- 
ment of the scalar product of V and dz due to parallel transport with respect to (1.1) 
‘as defined above, E 
Again, (Geet Galit Gulp =0, o (gaV VV = 0 
AO (gyleV*Viv* = 0, if vé = $V*, where ¢ is a scalar. á 
Therefore, the length of the vector remains unallered when the vector is given the 
parallel displacement (1.1) in its own direction. 
The autoparallel described by such parallel displacement has the equations 
ms Vix MAP = 0, where X= 


By (1.2), the autoparallel is a geodesic if 
pi = —g" (gn = 0 
or, Z?r ph! — 0, where pr —(gjg V A*rht. 


* 


Evidently, the vector p is the geodesic curvature (Levi-Civita, 1927) of the alda 
and the components of this vector referred to the local system (i.e., its projeotiqns on rh) 
are pr. —pr measures the rate of change of the length of the unit vector A when A is 
given the parallel transport (1.1) along rh. 

Therefore an autoparallel with respect to the parallelism (1.1) is a geodesic if the 
length of a vector in the direction of the autoparallel remains unaltered when tho vector 
is given the same parallel displacement in the direction of an arbitrary vector of the 
orthogonal ennupie. 

In particular, the autoparallel described by a member gh of the ennuple is a 
geodesic if 

(gygt ghi gh* ph! = 2Bs9r = 0, T = 1, 2, ia, V 
where the quantities Spor have been introduced in the paper referred to and Se the 
. coefficients of rotation with respect to the parallelism (1.1). 


2. In the paper referred to (Sen, 1945) it was seen that 
Kim- Ryu = Pimt Aim, Kyn- Ryn = Pat Qoro 
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- where 
Kyu = guka, Ryn = gaRin, Byn = Riyat Run Bay + Bug. 7 


Kiu and Riu are the curvature tensors formed with respect to the Levi-Oivita parallelism 
and the parallelism (1.1) respectively, and s 


Pau = J EI) Gdi Olga} Ayn = (9y)u— Gada, 
Qua = Cha) + (Th) (Thp)i + (Th) (Th). 


We obtain below a geometrical significance of Pyr, Aym and of yr with reference 
to two members ph und gh of the orthogonal fnampis In order to do so we consider the 


following veotors. | 
{ph}, ght = (pk), gh! — g” (gg): pq h^. (2,1) 


fPhá, oh! = (Fh) oh + (gu) ehg. (2.2) 
(ph) ght + (gh), ph! = 0, ie (Ch). ght th) ph? = — (gy); phigh”. 
Therefore (2.1) gives 


Its covariant form is 


Now 


L fek'} gh! foh ph! = — 29" (gg) phigh*. (2.8) 
And (2.2) gives 

(Phi ok“ + (hie ph! = 2 [ho ght + (hik!) = -Ugri rh ght. (2.4) 

In'particular, putting P = Q, (2.8) and (2.4) give 

{ph}. ph! = — ggg) ph ph, (2.5) 

2 (Phá, phí = 2(Ph), ph* = — (gg) ce! phe. (3.0) 


(2.5) and (2.6) are respectively the contravariant and covariant components of the geodesic 
curvature of the autoparallel described, with respect to parallelism (1.1), by ph. 


Denote the covariant vector i ' , 
(Phi): gh* by bhi. (2.7) 


Obviously, the vector Ph is normal to Sh, and, in particular, to bh. In genera], 
gh; gh? = dn 
Ph, qM = (9s3)e phi oh! ph (2.8) 


Zh gh“ = —(ght),. (2.9) 


Also (2.6) gives 


Lastly, 


That is, half the sum of the projections of the geodesic curvatures of ali the autoparallels 
described, with respect to the parallelism (1.1), by the vectors of the orthogonal ennuple 
on one of these vectors is inn to minus the divergence of the vector with respect to the 
same parallelism, 

Now let ¢ denote tha square of the length of the veotor gh $h and wW the scalar 
product of the vectors 2ph and 29h. 


xA 


Ñ. 
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Then from (2.7), (2.4) and (2.6) €, 
$ = g" (gy) s (gi): ph! o ph*gh! ER 
Li Bee age an” V = 9" (9p) (ga) phigh’ ph*gh! 1 
6-4 = Pym phighphtgh - c ado) 
Again, by (2.8), the projection of ph on gh 
g l = (944); phčgh ph. l - 


If £ denotes the rate of change, with respect to the are, of this projection when ph and a 
are moved by parallel displacement (1.1) in the direction of gh, then be 2 : 


fúa, 2 é= (or) arhigh! phtght, =; , Lm 
And, by (2.6) the projection of 28h on ph . Jae ee t e tts 
= (gc hioM gh. Me Ui. 


If x denotes thie rate of change of this projectfon when ph and ^ are moved. by parallel. d 


displacement (1.1) along ph, then 
x= = (gy) oh gh phigh E 


+x = Aiguphtghiphight, em 0 Qn 
(Thi (Tha); phigh’ph¥ght = i > a NONE 

[Ch (hg); — (hj) (Thy) | hio phigh = 

S0 Quuph'gh phigh = BY pha ghi qh'ph' = Shes = (2.12) . 


ee 


Finaly, we notice that 


sere Ph. ght is-the Projection of ph on gh. 


In pertioular, if the autoparallels described, with respect. to parallelism a i), dy E 
and gh are geodesios, < : 
ph = Sh: = 0. ` * 
Therefore, in this case, . ) AME OECD NEA 

(Ki — Bai)ph QW ph^ oh! = square of the length of the vector Dh 4-85. 

Tt may be mentioned that the quantities $, Y, x are respectively equal ta.; the. 
quantitios denoted by ZR. 206, Fyg, —g@yp in a previous paper (Ben, 1944) and, 
"obtained from a different ETE stand-point. And asimilar interpretation may be 
given to the quantilies denoted by Ppgrs apQns, Qrgrs in a previous paper (Sen, 1945). 

8. -We shall now express some SBA Al invariants- directly - in terms“ òf- ihe. 
páralleligm (1.1). ` : : 

"We had (Ben, 1945) T " MG pas 
Ah ru -2 e) = pum 00 0 i08 


Rhy = (Ay - (A) AS AR Ah At. oe E FR 
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and MUT: 
Rp = (Bin Rig), By = VR ee ub piss 

SEHR bə seen that ete apo M oS 
(dm M semen, = M du (= toi gáð 
And aa: gives. <2 7? s NE P s I : = 
g Ty = = L^ = e" yd» = Lipi. EUR. UNIES A Pu GS CI 
Therefore r ; ~ 
(SEE MERE M E . dg" (gu); = Ay — Ty = 6,, say, ` Bese eee 8. 1) 
ar ee 
Comparing (8.1) with (2.6) it is seen that the vectar 0 is equal to half un sum ot is^ 
geodesic curvatures of all the autoparallelg deséribed, wilh Eeapent to parallelism (1.1), by 
the vectors of the orthogonal ennupla.- '. - DOE M" 
Bome amer forms of 0 which we. shall require are given EN - 
$ = | gag = x 2 ge = -Y h) 
P gt = i - ree - to vi -{ ÁN) pe 
and - o s 8 a 
, ` 0,06€ = Ze". (ght) x 7 me E 
Now, by (8.1), UCM E tust 
(Aja = (65i. Assn = 2Chy (zh. fyc 
Therefore i ; ca 
whist í w M =e iBa = (00) (rly 23 (Phi) (rh) 6 oye fees Wee (8:2) 
and a . . ee MET e 
2R = (61: (Ons. re 820) 
Also;"since ait NT ^Ck) w) (eð) fel 
(8) = 6,0 - 9) or B= ~ hh), 
e P Pa 
: R= Zr M) (ak) ep e. : om (8.8a)— 
Again since i M 
phigh): =Q, | 2. - (rh) ho); kh) = 0 
(3. 85 Eee pus = OM = e lll haha] UE 
Poe tise le Bree at epis, Pe Rue 
aR- Blob eh e iita. Fa BELT > 
Having obtained expréssion for IR“ ‘we my express the scalar curvature K uT 
as: follows: wéhawà . '. . - 2: UT l : 

By Pee ee uM oer duet ES B P+ 3A, I MEM LE = 
where... 7 ; v tuna uM ee 
mos in aor sm, Sa vii Pg Pau. aA GA p ges n 5 
It is,geen that, - ` FO Sr NM 


" E LE 26,0: — 2(09);-- &g^*g** (9); & oe : ; 3 
S E = Bh) (ah), + 03E) + bgg Gae o L (8.4) 


Qd a aoe 
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g (6), = —ig[(g*5(gu)s t 9" (95)5s] = aE + (Oe. 
se K= (heh) 4(09.— tg) (ga). 
The main differential invariants that have come out of the above conside 


ihe vector 6; (identified with the electromagnetic potential vector in the 
Relativity) and the symmetric tensors >("h,)j(rh‘), and (g*),(gcz)e. 
T 


Finally, for a contravariant Vector v* and for a skew-symmetric contravari 
£V, we had (Sen, 1945) - 
(v9 = {oit vg (ga); 


(£y; = BEG" (Aat Byr). 


Now 
xs GA = —9"(Auy— Aims) = —2 Au = 2,Ru = (O)i-(ð)r, by (8.22). 
g^ Bun = 0. 

For, 
Byn = g (ga) (ga): — (Gerd Gn) cb 

u d . 

Cia = 9" dai (950i). 
Then 
Byr = Cunt Pag. 
Evidently 3 
g"Pigg = 0, for Pym is skew ini, }. 

And 


gË Cun = — galgi + lglg e = — (PNG + (Plg = AG N — ("io 


- Therefore, the above two divergence formule become 
E Utd 
(v9); = (v; v*6, 
(£)y = —&£"((69i— (0019. 
„Hence, if = 0, for k = 1,2, ..., ^, 


(oi) = fo, (Ep = 0 = ful. 


4. In connection with the covariant veelor 6; which has been introduce 
with a geometrical meaning, mention may be made oí the corresponding ve 
following characteristic equation of Weyl's geometry 

(gult giwx = 0, 
where | |s denotes the covariant derivative with respect to a parallelism with 
connection, the covariant vector wz not being uniquely determined by the paral: 


Weyl's space has no definite metric, the fundamental iensor gy being dete 
within a factor of multiplication called the gauge. The space is saidfo be caub: 
the gauge is assigned. When the gauge is definitely fixed, the space behaves li! 
space (Thomas, 1934). 


It may not be out of place to-indicnte briefly, in this connection, cerlai 
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parallelism in Riemannian space which are connected with the parallelism (1.1) in differ- 
ent ways. In what follows 0; is always supposed to be given by (8.1). 
Let 
AV! Aj, V/dz* = 0 
be a parallelism with Aj, symmetric in j, k and [ | with a subscript denote the covariant 
derivative and Lj the curvature tensor with respect to this parallelism. Further, let 
jb = g Liw, and 
Qo - [gulis = — (2/n)gs6s. 
Then g"[gs]x  ng7[ga]; —20& [g7] = (2/n)g%0,, 
Vi Aj = Tat (1/n) fgat — 56, — 5165, 
È ph [Phi] = ~ Dek'[Phele = Gx. Vi- An = 0. 
De Ret kf rat _n+2 ty 57359. 7 
wo) aP AGa) EX (65) AA 6,6. 
(2) [gale = Gre 926; + ggb 
Then gayle = 9, ghiga]; = (ns), [gU]; — —(n+2)H, 
Vii Ab = ga, 
ZU hile = 26x, Pale hil, = 0, Vi-Aj = b; 
jb - QR = (n— 1)(),— (n 4 2)0,', 
(8) [Byle = (gis 2giyði + guð; + garði. 
Then ggule = 2n&y. gölgals=(nr4),, [gv]; —(n+4)6%, 
Vik- Ak 56,816); 
PL [Phe]: = (n +2), Zh = n Vi Ain = (n1), 


L= RB =4(n—1) {668+ (054. 
it may be seen that the autoparallels with respect to the parallelism (1.1) and the 
parallelism given in (8) are the same if the vector 6 is orthogonal to the direction of the 
autoparallel at every point of it. In particuiar, it follows from (2 9) that the congruence 
ph is an autoparaliel with respect to (8) if (ph*); = 0. 


DEPARTMENT oF PURB MATHHEMATICB, 
CarouTTA UNIvERstry. 
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RADIAL OSCILLATIONS. OF A STAR 


a P Ut. Weg Beo NE 
P. L. BHATNAGAR- Á Tote 


(Received October 16, 1946) 3 RUP ae 


Eddington developed the theory of sinusoidal pulsations as a first step to explain 

the variability of luminosity in Cepheids: The velocity-timé curves and the light curves 
for Cepheids are not sinusoidal: if fact the time interval between the maximum velocity 
“of approach and the maximum velocity of recession is about five times the time interval 
between the maximum velocity of recession and the maximum velocity of approach. 
Eddington’s theory.cannot explain this skewness of velocity-time curve. Further, the 
theoretical value of the period of oscillation Corresponding to vanishing amplitude 
calculated on the “Standard Model” (Eddington, 1926) and y= 4 is about half the 
observed value. To explain the skewness in velocity-time curve and the discrepency 
in the theoretical and observed values of period, Rosseland (1948) déveloped the general 
theory of anharmonic oscillations and put the equations of motion in the Hamiltonian 
form :. : ; f 

b= uS a= 5E, Fe | á 

where H is the sum of kinetic energy, thermal energy and the gravitational energy of 
the star and qz’s are the time coefficients i in ‘the expression for displacement at a distance 


a from the centre given-by- —, . A x eas 
.T—6 -i á gr C 
and ps's are Hamiltonian moments - ei S md 
8 M Pán 4 
£ m = Iq. 
ða) T tik 


EE S mat ? . sca sto EES 
Rosseland's theory. does nof provide us ihe method ot deérmihiàg - 5 and there is no 
justification in assuming ib:for anharmonic osculation to be the:safne as for sinusoidal 
oscillation, though as an approximation wê may take-it io be same-in/both thé'cases, 
It is to be noted that in the theories of sinusoidal and anharmonic oscillations, oscillation 
has been assumed to have the character of standing wave throughout {he star. | i 

In the present note, expressions for period and skewness, for the fundamental 
mode of oscillation, have been obtained correct to square of amplitude at the surface of 
the star and then the results have been applied to, three moflels introduced by 
Sterne (1987) asauming in. each, case: I to -be -same as for oscillation, with vanishing 
amplitude. Further, an attempt „has. beon- made "to determine the displacement 
function f, by considering the- equation of motion’ derived -bythe ''displacement 
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method" introduced by Eddington in the case of sinusoidal oscillation, The analysis 
suggests that probably there ig no model with varying density in which the oscillation 
has the character of standing wave throughout the entire model and that in- the 
envelope of such a model iis character, as a necessity, changes to that of progressive 
wave. x : wr. : ' 7 
1. Let 7, p, p, T and g denote the radius vector, density, pressure, temperature 
„and gravity of an element in the Lagrangian sense and a, po, Pos T, and gy denote 
these quantities at a given intial time tẹ. In the sequel, we shall identify t, with the 
instant when the velocity of oscillation is maximum, it being directed outwards. 
The matter in the spherical shell r to r+dr occupies in the undisturbed state the 
shell a to atda; hence, the equation of continuity is 
j 5 pdr = p,a*da, 
which gives Se - . D HERES 
p/P. = (PXL), e (1) 
‘where dash denotes differentiation with-respect-to a. 
For adiabatic changes, the pressure and denguy of a particular element of matter 
are connected by the relation SL 
: . BID = (P| po, 


where y is the ratio of specific heats. Using (1), it reduces to 


PIP = (PPY ay. 9) 
ids The i kinetio energy W,(Ð of radial oseillation is IA e 
vei dm = 2 f Tapada, - A tap IO) 

0 


where M is the mass of the star and R iis radius ab Í. 
The work MW) done against gravitation, measured from the state at time tsi is 


mes f "n iðdm + z g,adm = 4n f a'gyg,(1—a[r)da. - - (4) 
The increase in thena energy W. «à also ða from the state at t, is 


W,= f o«(T — To)dm, 
. 0 ; Tor x 
„where c, is the constant volume specific heat per unit mass. Substituling the adiabatic 


relation (2) and the perfect gas equation 
P = oly- DeT, 


d emere 55 9 


Adding (8), (4). and (5) we isse for the total energy H, sai. does not vary 
with tinde, . 


eo aee regat De 0 
o 


4—1616P—4 
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DereuneubE (6) with respect to t, we-get 


9g?Y-3; di! 
0 = f a? e| Si Eg b serae t (a1)??7 31 fry? — Ys 


= f tos [rester mtra pon arð 7-8. m 
0 


Since 


J Po -Spa Lm) da = [ p esa m D ds 





R. „ay 
a 2, W=2,. 
€ rs Im [os eo, (Bt En Fath da, 


as the integrated part vanishes ab both the limite and 


` Wo gu. l SE (c. (8) 
The equation (7) is satisfied when 
rtgol(aln- (ans Pro ray [2-0 - 0. O 


(8) is the equation which governs the adiabatic radial oscillations of a gaseous star and 
which can be direoliy obtained following the method introduced by Eddington (1926) 
for the case of oscillation with vanishing amplitude and which consists in eliminating 
p and p in the equation of motion : , 

ep m GM, 

8r nr 
with the help of (1), (2) and (8), where M, denotes the mass of the star within a sphere 
of radius r. We shall refer (6 a as the “energy equation’’. 

2. Ti the oscillation has the character of standing wave, the displacement ab any 

point a for the fundamental mode can be written in the form l 


=0, 





^ 


ras mq, | (10) 
where q is the function of time only and y the function of a only, having the form 
n = "Ipf(a| R), 7 (11) 


where 7, is the value ot d at the Nada so that f 1 ab a = R. Substituting (10) 
in (6) we get 


. R R 
H = 2nq? J "^a*da + 4n / a. qd 
A Pot : Pogo 1 "d a 





ån [^ 1 } 
RO. RR A a 
vul ae læra tg + ag)" tem 


= Agi Bg? — Cq? + Dq*, (18) 
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neglecting powers of q higher than the fourth, where . 
R 
A = 21 / npoa*da, 
0 


` R R 
B = 2n(8y—4) / 1! p,g,0 da + Bry / (yY patda, 
0 0 


n R (14) 
C = 8s(8y — 4)(9y-- 1) / 1°PoG od da + $r / Pot“ {By(By — D)n(n')? + yy + 1)a (y')*}da, 
and g : 


R R 
D = isy- 4) y) | foto + bey f paafi8y8y - Diet 
0 0 


+ 12y(y + 1)ga? (q) + (yt 1)(y + 2)a*()*] da, 


since the coefficient of q namely 
R R d R R dp j 
ár| f pegena'da— f p. (qa°}da| = 4r [f eso da + Í na“ "Pe da | = 0, by (8). 
0 0 0- 0 


It will be seen from (11) that O/B = ang and D/B = By, where a and B are 
independent of "p. Let now g be the actual maximum positive extension in the radial 
direction at a during any cycle, then q = Q when q- 1 and ùg wili be the ampltude* 
at the surface. For the fundamental mode of oscillation 7 is positive and does not 
decrease with increasing a so that A, B, C, and D,ure positive for y 2 $. Using the 
condition q =0 when q — 1, (18) may be written as 


?-4a-2[6- 5 +B) +(t- $4 5)-($- Bers 24]. 


where. o? s BjA. Wiona- 0, ¢ is real dad honce-1-(0] B) D]B) de positive, The 
expression within the square brackets has opposite signs when q — 0 and q=—1, 
therefore it has a zero q = —6, 0 «e « 1. = We can now write down the above expression 
for q? in the form 

EU UN € 3)- C - P) » B T 

-da-ge«a[(1- 5 5)-($ - )a-9* 015-27]. 
The value of e, correct to the square of amplitude at the surface, is 

e= 1~an, + etg 
so that to this approximation 
q? = oi (L-g)(e +4) [1- (2 — B)n? -anp q+ 875 q?]. (15) 


* Fhe amplitude as defined in this paper 1s dimensionless, being the ratio of displacement at the surface 
to the radius. 
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Separating the variables q and t and setüng q = sin'0—e6 cos'0, we have 


" at = Í jas, i . 7 Q9 


where 
f(0) =14+4(e—- By; —1ien, cos 26 + $an cos76 —4(8- -e)na cos? 20. 


The period of oscillation P, and t, and ¢,, the parts of the period for which the nan 
of the star is greater and less than R respectively, are immediately obtained * from (16): 


P= = from = = [1439-595] = = Ag- 2) ro 
zd o iff 
= Í f joao md hæ | fae 


where 1 á Ped 
sin 6, = (15) = Js den, een) = Li 018) eC"), 
correct to our a 


The gkewness 8 is given by 


amio [imo | f tog =1+4 E «(5 E Dr n (18) 


We shall now T P and ð for some special models: e 
Model í. ‘p, = constant’: For this model, the values of P and 5 have been 
already caiculated for, all values of s, and for y = $, 3, JU (Bhatnagar, 1948). 
Here 





M : M 
PR (1-8) qo a zd TECUM 


hence f 
E gi e (6y- 4, C/B= 887+ Dy, D/B = Hy erp, l 


P. ls 2 
m ~ : 
P, = 2n / (RP? | MG), 
Model 2. ‘p, oc 1/a?': For this model 


M 1 M'G L =) g MG 1 
, o= 


Po = oa P Tap RE Rat 


3 1=1p(a/R), b= i[-14 1489], ec 8-5; 





* It will be seen from the expression for P obtained here that to get P correct to square of the amplitude, 
we should retain in (13) powers of q up to the fourth and not upto the third.- 
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hence : : 
| »_ MG 2048, P 
T [ev 9i ue 
2 zi (22 + 1)(21-- 8) (y — 4)(8y + 1)(81+ 3)  By(8y — DP + y +I 

B (8LE1)0-1) (By — Al 8) +72 
and - 
D lo (2-1) (90-3) (8 y—-4)8y? y 9) +8) Hy (16)0,— 1) + 12y(y-- lt (yt 1)(y - 2y*. 
B 4 (414 1)(448) (8y— 4)(20 + 3) - yl? 


Model 3. We assume here that the mass consists of a particle of mass 
M,-— M—4zli$ at the centre and a continuous density distribution p, = $/a* al all 
points in the boundary, where $ is constant, which we ultimately allow to oe zero. 


Here 





= Me(1.-1) (4-4), M.G „árg“: 
v Po = a Perag zm go = cav cu 
and 


1 =, (a/R), 02 y (80. 


As p—>0, p, —0, Po 0 except at the centre and M„>M, and go > M@/a’. 
For this model, 


o> 


+8), C/B > tn, re Ga. (ere Dre v0). 





Ce 


and » 


sr b+ (yt yt) 
DIB > 157 2:9 (By #9) isror- 1) )*136 £0) (y 1 y 2) \. 


- In the following table, the values of P/P, and 8 in terms of y, have been given for 
y= ģ.and $:- - ER a DN 


y=4 
















1 2 BO 








EÐ 2) ees ee 0:6783(1-1'048n") | 0°6559(1+0°905q2) . 


| | eee o 


122:27975,--0'8185* | 1--2/84814, +0'85973 
IB B B B 


8 1-2'64655, -1'014g7, 





y=4 . a id 
0°9182(1 + 09157?) O"TO71(1 +0°76873) - 






2(1+ 23m, ) 


1-2'8848n, +0°852n7, 











1+ 2711625, + 077007 





1+ 2122175 + 0'70477 
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In the following table, the values of {§(C?/B*y?) and $(D/Bs?) have been given to 
show the importance of retaining the q* term in (18) for these models: 


= 
tdu 




















Model | H(0*/B*) | RD/Bys) | 38(C/B) | D/Byry 










1 8:750 2'250 





8'151 





2 8:005 





1:002 2'590 














8:175 2:270 2:604 





To know upto what value of ig approximately, the above formule for P/P, are 
useful, we consider the Model 1 for which the period is known for all values of y, and 
for y = & (Bhatnagar and Kothari, 1944): 


l > P (tg)? 


= 1. n,5 
P7 Graph T 1+ 3% 9n 


, correct to the third power of amplitude at the surface. 

In order that we may be justified in neglecting the term in 7% in the expression 

for P/Po 
BA i 

In particular, if 855 «4l5(852) i6., 1p = sls, the formula P/P, = 1+8n? gives the value 
of P/P., correct to threo places of decimal. For ng = Tó; the complete formula gives 
P/P, = 1'0125 and the approximate formula correct to 32 gives P/P, = 1'0150 and thus 
roughly speaking only first two places of decimal are reliabie in ihe value given by 
approximate formula. For the other models also, the limits for 7, cannot be very much 
different from those found above for the homogeneous model. 


8. We shall now consider the equation (9). Substituting the value of dispiacement 
given by (10) and neglecting the terms contuining powers of q higher than the second, 
equation (9) reduces to 

q =—02q+ Eq’, (19) 
where 
og = (l/an)|g,1(8y— 4)n + yan? — (Poy po) (4s + an")], (20) 
and 
E = (1/ay) [g.í&(8y — 4)(8y + Da? + y(8y— Dam + tyly + 1)*(9)%) 
7 (Poy po) (&(8y — Dyr! + 2(ðy + a(n’? + (By — Dann’ + (y 1)àg's')]. (21) 


RADIAL OSCILLATIONS OF A STAR 175 


If the oscillation has the character of standing wave, (20) and (21), regarded as 
differential equations governing y, should be satisfied by the same value ofn, so that 
c? and E in (19) are constants and then q, which we have taken to be function of t only ' 
on the assumption ol standing wave would be determined by (19). 
The solutions of (20) for the three models considered in $2, which are regular at the 
centre, are given by 
Model 1: 51, 
Model 2: q= s, (a]R, l= $[-1+ V(189)] 
Model 3: 4 = n,(a/R)!, 0 — X (Ba). 

For the Model 1, when y = np is substituted in (21), E is determined: 


E = 





DA S ey 4)(8yt 1)", = constant 


and hence the assumption of standing wave is justified. Not only this, if in (19), higher 
powers of q be retained and in the coefficients of q?, q*,..., we pub 5 = np, : then we 
find that these coefficients come out to be independent of a. Hence for this model 


» = yy is the amplitude function in general. 


For the uan 2, when 7 = sy (a/ R)' is substituted in (21), we get 


E= ve qp (a/R) [fi (By— 4(8y + Dl + jy (y DP} — dyll- H/R) 4(9y — 4) 
+2(2y+ 1)? + (8y — 1)/(0— 1) + (y+ 1)5(0 —1)] ], 

and thus E is a function of a. Integrating (19) we shall have period as a function of a, 
meaning thereby that the period is different for different spherical layers of the model; 
in $82, we have obtained, with the help of energy equation, an average estimate of the 
dependence of period and skewness on amplitude. "Such an oscillation cannot be stable 
and perhaps the internal friction will tend to 1educe the amplitude, the period ultimately 
tending to its value corresponding to vanishing amphtude. The other alternative is to 
discard the assumption of standing wave character of oscillation throughout the model, 
In the interior of the model where the amplitude is smal, oscillation may have the 
character of standing wave but in the envelope, the character changes to that of 
progressive wave. Such an oscillation has the period in which the interior of the model, 
where standing wave prevails, is oscillating and the progressive wave character of 
oscillation in the envelope puts the light-variation and velocity-variation at the surface 
in phase (Schwarzchild, 1988), explaining to a great extent the quarter period retardation 
of phase in light-variation—the proposed oscillation gives maximum light at the instant 
of maximum velocity of approach, where as the assumption of standing wave throughout 
the model gives maximum light at the instant of greatest compression, 
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ON CERTAIN INTEGRALS INVOLVING LEGENDRE 
AND BESSEL FUNCTIONS 


^ 


By 
8. K. Bose 


"4 


(Communicated by ihe Seoretary— Received October 18, 1940) 


1. In a recent paper B. N. Bose (1944)-has obtained certain new connections 
between Legendre and Bessel functions and has evaluated certain infinite Integrals 
involving Bessel functions. The object of this paper is to extend, io géneralise some 
of his results and to obtain some new similar integrals, ` l 


2. Consider the integral, 
1 : 
1, = / P, —942J4(y8)y" dy, m+v>0. 
0 
_ Writing the equivalent infinite series for Ja(yz) and integrating lerm by term with the * 
help of the integral (Cooke, 1924) 


| 
yt me (FT +-1)}? 
[ 7 2y) dy 2I'(m —n-- 1) (m o n 4-9) 





m > —1 and m zero or Hve integer, we id : 


AA rS an {L(+ $m + 37/4)" @.1) 


gmi rem TR aa -n)G dme vtn tT) 








The term by term integration 1s justified on account ot the uniform conver gence of the 
Bessel, functions in the interval of integration. 


It now we reduce the series on the right of (2.1), we get that 
1 2 : 
PAT MJ »—] —) an (D(gm +4v)} 
/ a dmy? dy = IMH (m + A tjv-n) (4m t dv t n 1). 


P p im-riv; 
s mt+1, 4m4$4v—n, bin - iv n 41; 





- 


#4), mtv>0. 
It we pub v= m+2, it. is easy lo see that our formuia gives lhe known mtegral 
(Bose, 1944) 


: 
m D03 m+ Vay = (Ji Dnt 1) 
f Pald—2yWoalvey" dy = Nmn ninti 


4o xFalmtl, m—n+1, m+n+2; -#/4|, mol -1. 





5—1615P—4 ` 
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8. Multiplying siner side of the result (Mital, 1941) 


PE: pl(km-r3v4 PI (hm tivi 
[^ Pa(@) m(2pz)e"* dz = 20(m - 1) (gm 3v n 4 RL (3m Ds +2) 


F, tus amti; 
"C ml, þri iv tintð, mtiini; 





-p |, mtvtf > 0. 


by h” and varying n from 0 lo co, we have 


=S o fl Pa (in (2pæjar E dz = > NE EFN ES ) 


m+) Dim + dv tin + AE (Gm +v- gn +) 
x,P DALAN dm +4v+38; p]. 


"Lil, þm tivtinr4, mocijv-idnci;. È 
If we use well known generating funcbion of Legendres' Polynomial 
1 a 
[naka FRPP = "P9 


we a after interchanging the order of integration and summation; that 


Tm(2paetde — XN Ap" (gm 4-3» + Em 4 4v 3) 
o L17 2he+ hPa e 21m c 1) Gm-r gut gn t+ PP (Gm + divin 3) 


ór [ee imctidveiic 

m+, þin ttvtintá, imtfv-inti; 
For m = $ and —4, since the Bessel function reduces to circular Bai we get as 

ee cases of I}, the results :— : 
E e n 
Ww E: Sis den de = SPA) PHRHÜND-P 

A dvd vt]; : 
b tinti bat; 


-p |,- mv 0. . 








-#*|, cef 





l a-t cos (2pæ) Jm. ED h^ 
(a) A [1-2hz + h’ ]12 n 2 rr int) 


7 tv, i4; Zn" E a 
x als b jid ddvemeqg p], 


'4. Ti we apply the method of 88 to the integral (Mital, 1041) 


1 
/ P,()Jy2p)J(2pz)a*3 dz 
0 


- 


phenyl (AL + din tv t HILL imei) : 2 eti 
Et DI(mÆ 1) (314 4m + av + 4n HD (30- gmt 3v— 4m 3) 





Beguderb deme pol, diem i, idm 1; e Í 
Hl, mil, læmti, timtivtiðnti, Htpmttv-intt; Að 


i ltmtvti>0, 


xF, 


j , i M 
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i 


we get, when 1-+m+v+4> 0, MS. 
t a JPL „(2pæ) td 


[1 — 2hæ + k? pa” 





-$ hp" (al + 4m +v + 2) 1 (80 m +949) T 
2I'(L E 1)I'(m +(+ m + 3v - ant DP (31- 3m 4 3v — 45 - 3) ` 

T hee atdmtl, ¢+dm+dvthd, Htamt+ ise; ee ac 
1+], ml limit, Wrdmtivting gh, Heim bind; á 


Hais easy lo deduce the following Tormine as the particular cases of the above results : — 


Ja (2pz) sin (2pz) yı 
v f Ti-2herARR A de 











LA m p Tm 4 v1) N On 
2»'"pP(m-1) Sy D(m-ivcrinc-g)(im-4v—in-1) 
x p imc, imcivtid, gmt ive] l ~4p*, 
8, m+1, m+8, m+ gvtantg, imtiv-intl); 
. E J m(2pz) cos (2pz)z*-! X n.p? T (m +v) A : 
e / [1—-2hz-- h] im grimm +1) Anse er 


xF hes imi þm tv, dm +hyt ds -4p] 
TOf Sli, mal, mad, fm tivtinti, mc dv—dni; i 





a 1 cos (4pz) -1 i 24 m. p TG 8 h^ 

e f [1—2he 3 h*] qe ee gt Sg Vv ttn t+ pr- x 
Pd, td pi; e 
Hae la 2, joined, dvd a | 





cos (4px) +1 art et 
e f 1-9ha s Ian i 2c -pib 


$v-4, ivi; ; Ap? 
1, $ytincti, þv nt; : tp ] 


5. From the result (15) of B. N. Bose (1944), we have 


f sin Qy/p)dy — a) S png (1p) o. 


Now, let us suppose that z::l/p. Since bei (2/z)&sm(1/p), the original of the 
left hand side of (5.1) is t 


! bei {24 Qey)}dy 
| [C= hye Shy e 


~ «2 | 





8. K. Bost 


2 (—)" (2m +2n - 2)(1/9pym*3»*1 : RA 
‘ae (1/p)= $ aerae rr 


a (—y9(z/2)1m*1n*1 (z[2)^*! F M" 
* sn cei ER Pnr nt arði oe). 








"Now by Lerch's Theorem, the originals of both sides of (5.1) must be the same. 
. Hence 


" ! bei {27 (2xy)}dy .. (x /2)2"+2 hn, E 
I,=] y (= hy e 4h? T = (0/2 Pn Pon 3) (i4 ss ,F,[2n 4 2, n-- 3, n8; (4. 


1 Lake this opportunity of thanking Dr. R. 8. Varma’ for-suggesting the problem and 
Tor his guidance in the preparation of this paper. 
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INTEGRALS INVOLVING LEGENDRE AND BESSEL FUNCTIONS: - 


Á By 
8. K. Boss 


(Communicated by the Seoretary— Received November 20, 1946) 


1. The object of the paper is to evaluute integrals of the type l UR ES 


„pl a 
In = J Pa) ti J,2pz)z dæ, tatv+1>0, 
< 0 =q 


1 1 ] 
I 2 s(1—2y*) i Tie “idy, 'v+pPitPst +++ Pg> 0. 
n 


It is interesting to notë that for the second integral 


— 


D e —\se-3 (g [9 fs-a j , E 
Horde E Terie +Pq+1) Ie oY 
when for vin Li, wo write v+ 285... + Dg. 
,2. To evaluate the first integral, consider m io be odd and equal to 2A+1, 
A=0,1,...,7, We shall now adopt the following notations: 
R(n) = (r4 Dat)... T1), j 

ld dao T 1) = Tao kv * dg t 74 tin 44 .yt^5.40t*1)...T(qotgitrot1). 

Q(ds Li To 15 d, Ty 1) = a e -1D-rc41)...D(qe1nc0l(.tnctlD, 

ts = dictd.bocccoo-b(g, and m,cerT tio 


We then have the following rnulte; : 





1 20 pii I 2 — JA pa Q(a, | 1, dg, 2ra 1) 
REEN a. 2T (9, 1) RNA — dox; "o UG (dg 1. Tr 15 dps Tar D 
x T (dig 3 -3y tm, + DM (to 41+ 3v mi t’) 
Thit 41 *dvkdndm,-8/2) (tt, 41+ 4v 4n +m, +4) 





Hoxgitivtm,ti, ttait tmt; =p" ] a.) 

if di 1l, Big. 3 dvo dne m, B, Borg t- mona : | 

In order to establish (2.1), we first consider the integral ` 
1 
I, = / Pay (070, p2)J4, (2p2)J,, (p2) 3 da. 
Wa know (Watson) that 

: ] 2r-1)(—2*/]4Y —, í 

In(a)Juls) = ep TOor wt 2r DC- at Ayr (a) 


Sl 31) + wt CURSO Ears 1) 


182 > 8. k. Bos ^ 
Using (A),~we have | 


1 n 2r d ast dg 
I, 2 Parga (pa) 2 TO; T —) T'(q; + ga + 2r, 1) (pz) idz. 





I'(g,- g4 7, - 1)L (qg5 t r,-- 1)L(q4 t, t iy 


On changing the order of gales and summation, which is obviously permissible, 
we get 


= pits P. (7) I'(g, * 9, 2r, * 1p? 
i (tl) a t qs 7, t 1)E'(g, 7, +I) (Qa +r, +1) 
` 


1 
x f Py Y) a, (2pææði e arto da, 
0 
If now we use the known integral (Mital, 1941) 


1 
2 See p"I(gm + ivt 1)(m- v3) . 
/ Put fölur Sd rn rir þr 





Á rein imtivtið; | 
m4 1, bm-ivtin-c, RC 
we get that 


p? (pTi, + 9, 4-27, 41) 
TETI y. %1 GQ, tYT(9,t9,tr, t 1)T(q, +r tig 7, 1) 





I, = 


Tit t DIGG erro) 
Ibi, + dv t gn tr, 8/2) (31, -3v— n n, + i) 





xP | om M,tivtr, +4; | 
gs qd, *l, — khtivtntned ds T 


By the help of (2.2) and (A), we similarly get bhat 


- 1 
Ln J P, 40 f J,2pzj? 3 de 
=. 


2 2 (ap +ga #2, - Iq, + a+ 27, +1) 
ER 1) Lt DDG, - 1)1 (g5 t gátta tl} (Q5 - 85-7 7, 1)L (qo 74 DU (9, r4 1) 





' Dits 3v m, EÐ (3t, + vtm t3) _ 
* 1 +r tiL (aatri tits + gut dn mt Hl (35, - 3v — m h Mat $) 


pueri. A o. |. e» 
> qitl, $t, iv dno ma 8, jts dv—d4n4 m, d ° : 





Bepeating the above process, we arrive at (2.1). 


:B. Now, we consider m to be even and equal to 2A+2, say, then 


- 


p 2-2 y^ p z 


1 IN DR 
$97 21'q, DI(g, #1) i b Rss COTES E Ta, 1) 





- 
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- (Gn 49 ari 2r; DT (o, pot byt mat DT Ging gt iv m 2). 
Q(d9, a; Tar 1; dati Tar LT Gton gat BN i 
ia de þ9at30, 41, Bor, Lave mu e d dig La iv emu 5 w ]e i) 
4^ 5 . 
dtl qatl, gatgitl, ttoaygtivtintm +8, i e 
In order to establish (9.1), we first consider l 
I, =f Pata) it J; (apæ)a" st da, (8.2) 
Poen exactlyr as in J; and making use of us Integral (Mitai, en 
i5 Po Op)  (2pz)a" "da 


p" T(l-- gm dv DUGU- imc bid 
= rat lím + 1)E(gl-- m 3v * dns 8) (alt gmt $v— $n - 8) 


5 Bgm +4, bbtdm-el, gl+dmt ive}, gl+egmtived; —4p?* ] 
L+1, ml, L+m+1.  Hiimsivtfntð, þrimtiv-inti 








by 


we geb 


P EENG, 2L NM 5, (=) pi: '(g,1 g, t 2r, € 1) 
la+ DIG. +) +1) 4 I, € Dg * q, £7, 3) E (q4 1, DT (05 7; +h) 





Datter HI (it, ttn th 
Tá ++ int, + Ol Gt, *dv—4nar, 41) 


E a bá tdvtr, +3; ih (6.8) 
A^ B 
ql, Qatl, datQitl, $t, tivtintr, 43, M, +v- E +4 





Proceeding further as in $2, we arrive at (8.1). 


4, To evaluate | 3E 


1 . 
= Í Pua- 29392,0275 (y) dy 
T" ^79 
we make use of (A) and the integral (Bose, 1946) 


1 ^ 
á 941 y—1 (—- -per Pp, +h) 
/ P,0—-39J, (yy dy = Hip, T1i(p,-riv—n»)büp,-iv-n-41) 





i AM fi ip, tv; -23/4 ] 
9,tv2 0, which gives i pol  dpotiv-m, án, tivtntl i 
1 , | 
tose “(Hn Ge) TO, +p, t 2r 1) 
K — (2/2)? \ a +p: 1 
E 21\(p, +1) neo D(r, - 1)I (p, t+ p 7; - D0 (p; +r, tllp,tr,t1) 


(Ip, 3p,-- 3p, dv 7) = 
"Tür, +4p, + 4p, tv n-r)L(p, dp, tipi tn+r +1) 7 


T dcn bp. +4pa tipi tivni; - -#/4 | (4&1) . 
ptl, — dp,*ip. tipo nensis tip tip ptet 





Xa 
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We can then evaluate I4, by expanding J n,(y#) and alter changing the order of integration, 
and using (4.1), we get that 


r = LIE) totais b b (—)stm(p, + pa + 2r, t 1) (8e)?": 
d Co 3T(n4l) | Tit DIG Det rt DI(p,tp,47,41) 





r,=07,=0 


- f ie tas - 
I'(ps*7, * DI (p.t r1) PI mmn PTS 
1 
X AA 
Thap, tip, tip. tip, t n m, UP 
P icio 
X. 


- 27/4] (4.2) 
Pit l, 4p, +4pstdpstdpitgv—utm,, $0.tip, tipatfp, távtntm,tl 


Further we can write (4.2) as 


^o ges SN Ce y 
ge qun ACES NCE p 1) 





when for v in 1s. we write mmu On repealing this process we arrive at (1.1). 


5. Particular cases: (i) From (2.1) and (3.1), 1t is possible to write the values of 


' the following integrals : : : < 


1 
J Py a (2) sin"{2pæ)a"" ida; 
0 


1 
/ P, 44(2) cos" (2pz)a? ide. 
0 


(D If qq, = 4q,= °° = ds 41 = q, say, then (2.1) reduces to 





1 99Aq—1 petia ue" ám mg 
ECTS = Í Papp Op ^ a” Fda = 2 feor 2 (=) (nn 3) 


"or i PN hm RO (29, r4, 1) 


po Ps Doe deem, TO Dg edem 
OG ay DI GOAT De þv rýnt m, SIT QA Dat iv- in m, 3 i] 





[sat Da + tet my +2, A(QA+1)qt+ ym, +4; -p I 
ati, (2A -1)g - b jn m d. (2A 3g civ m mu e 7 


I take this opportunity of thanking Dr. R. 8. Varma for suggesting the problem and 
for his guidance in the preparation of this paper. 7. ; E 
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THE MOMENTS AND SEMINVARIANTS OF THE MEAN 
SQUARE SUCCESSIVE DIFFERENCE 


By = 
M. C. CHAKRABARTI 


(Communicatéd by N. M. Basu Received September 17, 1946) 


The object of this note is to obtain by making use of the characteristic function, 


elegant expressions for the general moments and seminvariants of the dipiripution law 
of the statistic 


F 22 & = > (i - nf (n1) 
be 
where £, £a...» Z4 iB a random sample of size n from a normal universe whose mean 


is zero and standard deviation is c. Jomtly Von Neumann, Kent, Bellinson and Hart 
(1941) first obtained the moments by using a different method, > 

1. Let us start by proving the following lemma which will be found useful in vhi 
follows. I have followed Williams (1941, p. 240) and Von Neumann (1941, p. EE in 
establishing this. 

Lemma. Letn> 2. The value of the n-rowed determinant 


K,(z-|1--2 2 0 O ues 0 0 0 a) 
2 1-2 = 0 ... 0 0 0 
0 z 1-207 z`... O 0 
. 0 0 0 0 aw 1-22 æ 
0 0- 0 0 0 s l~e 
is equal to 


n—-1 " E 
2c (nine a 
and the zeros of (2) are the fira 
1/4 sin? (r/2n) : (8) 
where p= 1, 2, 8,..., n—1. 
= Proof: Writing pa for the determinant ME. from (1) by ehanging only the 
first element trom 1—z to 1-22, we can easily deduce un = (1—922)us.,—2^p4., and 
Kn = pnt Sun- It is easy to prove by induction that 
mn > canne 
rad 


and hence on account of the relationship between ps and Ka, we get easily 
0—1615p—4 
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i er] 
Any value of æ for which the system of linear equations 
- Tratt = (2—-l[le)jm, r=1,9,..,, n, 
where z, = z, and tn = z4,,, will have a set of solutions not all zero, will make the 
value of the determinant (1) zero. It willbe observed that for 
æ=1/4sin? (ur/%n) (n= 1,9,8,..., n-D,. 
tr = 2 cos ((r-&)us|n] (r-1,9,..., sal 
' will satisfy the aboye equations and of these at least 
£, = 2 cos (ur/2n) #0 for h=1,2,..., n-1. 
Hence, any one of the (n—1) distinct positive numbers 1/4 sin'(uz/2n) (u=1,2,..., 
n—1) will make (1) zero and since (1) is a polynomial of the (n—1)-th degree, it can not 
have any other zero. 
2. Characteristic function of the distribution law of 8°. Here 


1 -$na A, 
E E DP(f, Za,- , Tn) ivGjsp | PA 120°} 
And the characteristic function of the distribution law of 5* E 
= F fed it =, * [20*| ded d 
e(t) IJ Gs JST [ es ). expí 25 / 9182, ,. ky 
CN D (y 0)" 
iW (2z).c1* - 





Í T um m : T UU 
[Soe ye y 

by (2). We have also 
p(t) =1 Jii Th-2 8 sin? æj (5) 


by (8). 
8. Seminvariants of the distribution law of 9. We Have from (5) 


EQE ginak k k 
logos 15 Ss og =Z yes Gt _ 221 y, Gt i) 
2 £6 
where A, denotes the k-th seminvariant. Henos 


' 
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Bb-tgak(k 1) | SL: int SEY o ato (k= yi’ © 


Ga- i 


Ak = 
í (n— -1* es 


where 8; denotes the sum of the TM powers ol the roots of the equation 


n—i1 


Scot ais ae P D 


270 


Honce de can be obtained in the form of a determinant whose elements are obtained 
from ihe coefficients of the polynomial on the left hand side of (7). Thus 

















Ay = 20°, : 
= _20¢ | —(@n—2) 1 = 4 
= = —— (8n- 4), 
Nag x -1* R 
(n—1) «(^ 2) — (9n —2) (n1) 
= 42lot) - Q»-3) — 1 0 (2 (5n—8) 
3 =f 3 Es rs —-1 d : 
oy (79) -m-9 or SOM 
" sl"; $) ars 8) - (2n — 2) . 
o| — (2n-9) 1 0 0 . 96c* 
22s (85n — 64), 
m 2: d que bs Qn—2 Ea 
) 1 BÆN 


. of 9n —4 2n —8 ` 
-«( i ) ( n ) -(n-2) 1 
2n—5 2n—4 2n —8 
(5) 059 (09) -m-» 
and so on, Alternatively we can also write down the Ath seminvariant in terms of the 
seminvariants of lower order from the following formula, which- can be easily deduced 


from known relations connecting sums of powers of zeros ek a polynomial with the 
coefficients of the polynomial: 


4 


k—1 











- X @n- ane ("7 Ss 3 T) rr (cae) (on — 8, a 
tel 
Ap = x 
- S (tr) - ÆJ un if k>n- 1. 
tel 


Th the above formula, the symbol (a), stands for a(a-- 1) . . . (a-- k —1). 
4. The moments of the distribution luw of 8, From (4), the moment generating 


function 


~ 
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where 
= 2n — j - IN /20%t 
H= X (=1) 
p) x (0 
If ` 
dp, (0) Qet+1 , 
(n p(t) - —— pi (p (t) 
[| = 8 t 8 "dt 2 * 
pos [oj Qe poros "TONES 


ÆTherefore writing u(t) = — $p'(é) and in general 


nlt) = DO p- EH opt 


8::1, 9,8, .. . , we get easily the recursion formula 





Er Pri ptt], = 30 Dp + [59] . 


Pa = By p10) = [55 di 


where ug denotes the s-th moment of 8 about the origin. Thus 


pa (t) = —3p'(t) 
pat) = iip Opt) 865 Y] 
ps (0) = -ip (fo) — 8p" (p (p) + 38 (o (HÞ) 
pa 0) = —4[p*(t) pl) — Sp ne (0fp(D - 819^ Oy ter? 
is ^0 Bp (Ot (Or —2 82 fr OT 
and 80 on. ue that ` 


reyes tere 
0 : if k2n-1, 





we get easily for > 5 
py! 2e 


_ 1[@n—8)(Qn—4 ae 
a=- [EE 40! -8.16.0%) = A (n* 4- n —8) 





2 





aw =-3[- in Sa 8. aa. í n 4) - 182-15. s'o] 


Bor G-p +6n? + 2n—21) 
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p=- 2 [en —5)(2n — 6)(2n — 7)(2n —8) 16 —6.4o a (2n -4)(8n — 5) (2n — 6) as 
s= =r a a eee g* 


(n — 1) (n —1)* 


_ 9 (2n-8) (2n — 4? be 34, 45, 162 Oh Bn- —4) do s 105 
8 


3 h- 3 (n—1) 


= Gp (n^Rl4n 4 68n?—8n—281). — 
DEPARTMENT oF MATHEMATIC’ & STATISTIOS, ja 
Dacoa UNIVERSITY, 
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NOTE ON SYMMETRICAL INCOMPLETE, BLOCK 
DESIGNS: A=2, k=6 or 7 


Bv i 
S. M. KERAWALA 


(Received October 10, 1946) 


The purpose of the present paper is to establish the results of Husain’s (1945, 1940) 

two papers m a more rapid and elegant manner: 
THE DESIGN v=b=16, r=k=6, A=2 

The initial block contains varieties 1 to 6, and the other 15 blocks are denoted 
by the 15 pairs of these inital varieties, The biocks in which the varieties 7 to-16 are 
placed have been represented by Husain by two types of chaining, via., A = (128456) 
and B = (128) (456). : f 

We assume that at least one cham ot type Á occurs in the set of ten mutually 
consistent chains io be found. This may be taken to be (128456) and wili be denoted by 
(0, 0]. The totality of chains consistent with this standard chain may be represented 
88 below: 


COMMON 
BLOCKS 





| Bows 








(125108) | (142565) | (148520) 





The chains have been tabulated according to the pairs of blocks which they have 
in common with [0,0], and the manner of their construction becomes obvious from the 
fact that columns 2 to 6 are derived from column 1, and the columns 8 and 9 from . 
column 7 by'transformations which leave [0,0] unchanged. Tr, 8] will denote the cycle 
in the r-th row and the 8-th column. To solve the problem, we must select one cycle 
from each column in such a manner that the nine cycles selected are mutually 
consistent. Starting off with column 1 and pursuing the chains to successive columns, 
watching only for mutual consistence, we readily arrive at the followmg sets: 


[0,0], [L1] [22], [28], [1,4], [26], [2,6], [8,7], [1,8] and [3.9]! 
[0,0], [2,1], (1,2), [2,8], [2,4], [1,5], [2,6], [2,7], [8,8] and [1,9]! 
[o0], [21], [22], [1,8], [2.4]. [2,5], [1,6], [1,7], [2,8] and [8,9]; 
. [0,0]; [2,1], [2,2], [2,8], [2,4], [2,5], [2,6], [1,7], [1,8] and [1,9]. 
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The first three solutions consist of four chains of type B and six of type A; they 
are isomorphic, hs-any two become identical on applying a suitable transformation which 
transforms (0, 0] into itself. The fourth solution consists of four chains of type A and 
six of type B, and is self-eonjugate. Hence the four solutions reduce to two 
independent ones. * 


It is, however possible that no chain of type A may occur in a solution. In that 
case, all the ten chains would be of type B. Taking (123)(460) as the incipient chain, 
there exist only nine chains of type B consistent with it, These are (124)(856), 
(125)(846), (126)(845), (184)(256), (185)(248), (186)(245), (145)(286), (146)(285), (156)(284). 
On examination, these are found to be mutually consistent and hence provide a 
solution, which proves to be a self-conjugale one. 

Hence there exist only three independent sclutions altogether, of which two are 
self-conjugate. 

Tug DESIGN v=b=22, r=k=7, A=2 

"Again the varieties in the initial block are 1 to 7 and the other 21 blocks are 
denoted by the 21 pairs of these initial numbers. Only two types of chaining are 
possible, vis., A = (1284567) and B = (128)(4567) or (1284)(567). If we assume that a 
solution exists in which at least one chain of type B occurs, we can make (128)(4567) 
the incipient chain. On lookmg for chains consistent with this and having common 
‘ with it the blocks (45), (67), we fail to find any. Hence no chain of type B can enter 
into a solution, which will thus contain only chains of type A. Let the incipient chain 
[0, 0] now be (1284567). Chains of type A consistent with [0,0] may be tabulated ` 
as below: 


COMMON BLOOKS—> | (12), (84) (93), (45) (84), (56) (45), (87) 





COLUMNS —> 1 2 8 4 
(175846) | (1827646) | (1849756) | (1854276) 





(1257486) (1647986) (1847268) (1876245) 
(1257346) (1457286) (1847256) (1867245) 
(1904875) (1457328) (1487250) (1867264) 
- (1268475) (1547826) (1487265) ( 187 6254) 





Ot fF © Y m 





Again the chains of any row in columns 2 to 4 have been derived from the chain of 
the same row in column 1 by a transformation which transforms [0, 0] into itself. To 
obtain a solution 14 chains, one from each column and mutually consistent, are to be 
selected. We begin separalely with the different chains in column 1, and pursue 
them— keeping an eye on consistence—to cycles in other coiumns. 

[1, 1] is meonsistent with any cycle in column 4. Hence no chain in row Í 
can enter into n soiulion. The table may, therefore, be modified by dropping row 1. 
Again, (2, 1] is inconsistent with any chain in column 8, Hence the second row 
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may be scratched out. Now [8,1] is inconsistent with the remaining cycles in 

column 8, and so the third row becomes superfluous. Further, [4, 1] is inconsistent 

with either [4,8] or [5,8], and so ihe fourth row drops out. Finally, [5,1] is 
' inconsistent with [5, 2], and hence there 18 no solution. 


The unpossibiliy of a solution for k = 7 is thus established, 


PRESIDENCY COLLEGE, 
Carcurra 
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ON RAMANUJAN S FUNCTION r(n) AND THE DIVISOR 
FUNCTION 2,(n)—1 


By 
D. B. LARMI 


(Communicated by R. C. Bose— Received December 8, 1940) 


1. In this paper we shall develop a systematic method of audy certain congruence 
properties of the divisor function, e;(n), the sum of the k-th powers of the divisors of n. 
The type of relation considered is exemplified by the following + 


eis (n) = Llon) +220,(n)—320,(n) = (mod 27.8*.5.7.11), 
T(n) = 8800,(n) ~21(40n —21)r,(n) #.200(n) (mod 2°.3°.5.7%). 
» M í | ; 
A result which has been used in this paper in an auxiliary capacity, although it has 
1ts own interest, is Theorem A. This may be stated in the following alternative form. 
l 
Theorem A’. 
n" (n) n'a, n)  n"e, (n) n'es (n) (mod g) 
_ where gl (nnn? —n!) for all positive iii values of n; u, v, r, 8 being given positive 
integers. ) 
It is also worth noting its 
í COROLLARY: - a 
- n*(1--n',(n) = ntl tnejn) (mod g) = 
where g|(n4** —n^*5)(na****—55) for all positive integral values of n; a, b, k being given 
posilive integers. 


This is useful in studying the roots of the congruence 
) safn) =0 (mod g). 
In particular we get without much trouble Ramanathan’s (19454) result: 
If n is a non-residue of the prime p then’ 
7 p-p”) = 0 (mod p). 


We shall also show in subsequent parts of this paper how our treatment can be 
extended, and it is indeed here that the main interest of the method lies, to the deri- 
vation of the congruence properties of a s Function r(n), which as is well- known, 
is defined by 


z(1-20-290-2).. pro Ene, zl «1. um Ceu n) 


{—1616P—4 
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As illustrations of the type of results we get the following may be stated 
t(n) = no(n )- 9c, (n)--9n?c,(n) (mod 2*.8*.5), 
1905847(n) = 986650c,, (n) 691 [231 (65 — 5), (n) + 11000,(n) 
—1155(9n— 1)x,(n)-50e(n)] (mod 27.8°.5?.7.11.691). 
These results, 171 in number, have been set down in Table C(2) of Part IL of this paper, 
and the corresponding results involving c4(n)'s only are given in Tabie C(1). The method 


can be further extended to obtain a larger number of congruence relations involving T(&). 
These results will be published in Part III, . 


Results of this type due to Ramanujan are 


r(n) = no(n) (mod 5), 


: r(n) = o',,(n) (mod 691). 
Gupta (1045a) has shown that 
r(n) = o(n) (mod j), 


if. (n, j) = 1 and j|24. The author (Lahiri, 1946a) has obtained substantially the same 
result. He has determined the residues of r(n) to moduli j}24. Residues to modul 8 
and 4 have also been obtained by a different process by Ramanathan (19452). He also 
obtains Wilton’s results (1980) for modulus 7 and proves incidentally that — : 


t(n) = no(n) (mod 7). 


It may be pointed out here that since oz(n) is a comparatively simple function to 
deal with it is fairly simple to determine the residues of 7(n) to modulus j if a congruence 
relation, with respect to the same modulus, connecting r(n) with o;(n)’s is known. I 
understand Ohowla and Bambah have obtained some new congruence relations Sonnepbine 

7(n) and saln). 


We shall prove incidentally a large number ot identities of the type 
O [Snoer] = Sína s 
12098[ $ o(n)o" |. Sou] = = Sou) ~22o-,(n) + 200,(n) + 2lo,(n) — 2004(n)]2" 
org n!c(n)a"]* = S unto. (n) — 14nto(n)— (n)]2*, 
640[ mos (nya ]* = Í [ntes (0) —r(n) ar, 
40820[ 2 no(n)2r}* - S [85n*o,(n) - 120né, (n)  Bn*o(n)  «(n)]e*. 


Results equivalent io this type have been set down in Tables B(1) of this part and in 
B(2) of the second part of this Paper, The notation used there will be expiained in the 
next section. Va 

Analogous identities, in a sense simpler although more fundamental in character, 
haye been obtained by Ramanujan (1916) in an equivalent form in his Table IV, 
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We lass also indicated how it is possible to extract from the congruences réferred = 
to above congruence relationships of the type 


Ar(n) = 0, a= Boln), 
Ao;(n) = 0, Amin) = = Ban), 


as also 


where A’s and B's are polynomials in n, with respeot to suitable moduli, Tom mention 
just two we have 
ni(n—1)}*(n— ð%r(n) = 0 (mod 25.8%), 


T(n) = -n(6n—7)o,(n) (mod 25.8.7). 


These are helpful in connection with the problem of determining linear forms amb 
such that 
r(iam+b)=0, o(amn+b) = 0, 


for certain moduli. Such forms were given by Ramanujan (1920), viz., 
r(öm) = 0 (mod 5), 
rm) = 0 (mod 7), 
r(am--b) = 0 (mod a), a = 7, 28, 
b being any quadratie non-residue of a. 


Banerji (1942), Gupta (1948) and Ramanathan (1944) have obtained other forms. 
Such linear forms relating the function e;(n) have also been studied by the last two ' 
authors [Ramanathan (1048, 1945b), Gupta (19455)]. 


It also follows from the congruence relations established in the first two parts of this 
paper the following extention of a result due to Walfisz : 


t(n) is divisible by 2?°.8°.5°.7,091 for almost all values of n. . 
Finally i& may be pointed out that the treatment throughout this paper is elementary. 
2. Let e(n) denote the sum of the kth powers of the divisors of n, and let: a 
ex(0) = $(-4), 
where ((k) is the Riemann Zeta-function. Further let 
A xe Xn) = osos) soin — 1) +++ + oln). 


Then Ramanujan (1916) proved that 





IYr-- (st 1) ser Dst1) 11-7) + (1—8) 
(2) 2, (n) = T@re+2) ' rre) aul) T LR A e.a (n), 


for the foilowing nine pairs of values of r and s: r=, e=1; r=], 8=8; rz1,8—5; 
r=1,8=7; r=1, e=11; r—8,8—8; r=8, s=ð; r=8. s=9; rb, 8-7. 


196 D. B. LAHIRI 


We shall now show how the above identity can be expressed in an equivalent but 
more suggestive form by making use of another function Í, ,(z) also used by Ramanujan, 
and defined by 
(8) ®, (2) = * * minigmn = 2 n'c, ,(n)a^ 

mol nes n=l 
We shall however find it convenient to clfange Ramanujan’s notation and shall write 
símply (r, 8) for ®, (z). - 


It can be easily seen that in virtue of 1elation (2) 


S n I(r* DI +1) (r+ Ele +1) EN 
(4) Zone “rae Oy EOZEN (&t(-r—s—1)-* (0, r++ 1) 


i c(1— 7) (1 —8) (L, r8), 
T+8 1 


for the nine pairs of values obs and s. It is also not difficult to see that 
6) È onar. È olna” = RDE) MC 9.0, 2) + 8C9.0, 9) + (0, 790 8). 
But relation (1) shows that 
È ev(nja*. È odna" = 2x (nx, 
It follows therefore from (4) and (5) that 


_ Týra +1) (r+ 10541) 
40,0099 = l(r-s-2) ^ Ur+s8+2) 





(0, r7 84-1) 


Ma 11079 0, r--8)— &t(—9)(0, 7) -3t(—7)(0, 3), 


for the nine pairs of values of r and s. 


Thus Ramanujan's identity (2) when viewed through (6) stews that fae certain values 
of v's the product of two (0, v)'s can be expressed as a linear expression in (u, v)'s. Now 
it is hardly necessary to point out that the tollowing problem is naturally suggested—to 
determine all products of two or more (u, v)’s which can be expressed as a linear function 
of (u, v)'s, It will be our purpose to determine all such products as given by a method 
which is explamed below. 








Let 
4 Ios (ert ua a ) 
(8) Q= 1+240(; = tr PU. x X 
(8) B=1- —504 a tt In | 
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then Ramanujan proved by elementary methods that when 7 +8 is odd, (r, 8) 18 expressible 
as a polynomial in P, Q and R, in the form 


(10) z (r, 8) = Sh, m,a QR, 


where [—1 < min(r.s) 21+4m+6n — 148-1. Polynomial expressions for some (r, 8)'s 
are given in Tabies I, II and III of Ramanujan's paper. An immediate deduction of the 
above result is that the product of any finite number of (r, 8)'s, r+8 odd, can be expressed 
as à polynomiai in P, Q and.EH. If each torm P'.Q". E^ entering in the polynomial: 
expression can be expressed as a linear function of (u, v)'s it would foliow that the produce 
is also expressible as such, : 


It appears therefore that our first step should be the determination of all products 
P!.Q™.R" which are expressible as a linear function of (u, v)'s. A list of such products is 
given in the following Table. These resulis are easily derivable from Ramanujan’s 
Tavies I, Il and IIl. As an example the formula for P is obtained by a process of 
elimination from the identities ITI 1, IL2 and 18 of Ramanujan, and this is indicated on 
the extreme right hand side of tormula 8 m the Table 


. Taste A(1) 
1. P =1-2°.3(0, 1), l [I1 
2. P! —1-—9'3'(L 2) 2*.3.5(0, 8), [11,12 
8. P* = 1—2°.8°(2, 8)--2*.8*.5(f, 4) —2.8*.7(0, 5), [III 1, 112, 18 
4 Pé = 1298.8, 4) 427.342, 5) 2.810, 6) 
+25,8.6(0, 7), [III 6, 2, 118,14 

5.. PS —1-9*9*(4, 5) +2".8°.6(8, 6) 27.97.52, 7) . 

4 26,82,57(1, 8 -2*.8 11(0, 9), [III 9, 7, 8, II 4, I5- 
6. Q =14+243,5(0, 3), [12 
7. Q? —1425.8.5(0, 7), [I4 E 
8. R —1-2*8*7(0, 5), : [I8 
9. PQ = 1«258.5(1, 4) -27.87.7(0, 5), -— [H3,18 
10. P#Q = 142*3*(2, 5) —2*.9*.7(1, 0) +2°.8.6(0, 7), [III 2, 118, 14 


11. P°Q = 1427.8'(8, 6) —2*.8*(2, 7)-- 2*.8*.5(1, 8) à 
—2.841(0 9, [II7,8, IL 4, I5 


. 12. PQ? = 1+24.87.5(1, 8) --23.8.11(0, 9), [II4 I6 
18. PR = 1—2*.8*.7(1, 6)+2°.8.5(0, 7), [II8, I4 
14, P?R = 1-96.83(9, 7)-25.3*.5(1, 8) 2.8. 11(0, 9), [III 8, I1 4, 15 
15. QR =1-2'.8.11(0, 9), [I5 = 


16. Q*R = 1—2*,.8(0, 18). . "TN [I7 
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$ 
8. This completes the first step. The next step consists ın the enumeration of all 
products of (u, v)'s whose polynomial expressions involve only terms P'.Q'*. R* of the 
forms given in the above Table. The final step is the substitution of the lnear 
expressions as given in Table A(1) for these terms. We thus get the following Table B(1). 
It may be pornted out however that in the actual derivation we have adopted certain 
simplifying artifices. For example, a judicious use of the fact | 


(11) of (u, v) = (ut, 0+1) 


sometimes helps to reduce the labour of derivation of the results. 


TasLE B(1) 

(8.1) 2*.(0, 1)? = 5(0, 8) —2.8(1, 2)+ (0, 1), 

(8.5 2°.8(0 1)(1, 2) = ö(1, 4)—2.3(2, 3) (1, 2), 

(5.8 9*.8(L 99 ^ = (2, 5) — (8, 4), 

(8.4) 2 8(0, 1/2, 3) = 8(2, 5) — 2*(8, 4) + (2, 8), 

(8.5) 2°.8(1, 2)(2, 8) = (8, 6) — (4, 5), 

(8.6) '2*.8(0, 1)(8, 4) = 2(8, 6)—8(4, 5)+ (8, 4); 

(5.1) 2*.3.5(0, (0, 8) = 8.7(0, 5) —2.8.5(1, 4) -2.5(0, 8) — (0, 1), 
(5.2) 9*.8(0, 1)? = 7(0, 5) —2.8.5(1, 4) - 2.5(0, 8) +2°.8(2,8) —22.8(1, 2) (0, 1), 
(5.8) 2°.8.5(0, 1)(1, 4) — = 7(1, 6 -2:.8(2, 5) - 5(1, 4), 

(6.4) 9*8.5(1, 9(0,8) — — 7(1, 6 -2.8(2, 5) (1, 2), : 


7(1, 6) —2.8.5(2, 5) - 2.5(1, 4) +2°.8(8, 4) — 22.3(9, 8) + (L, 2), 
(2, 7) — (8, 6), 


(6.5) 9*.9*(0, 1)*(1, 2) 
(5.6) 27.8.5(1, 2)(1, 4) 


Hl 


(5.7) 2.80, 1)(2, 5) = (2, 7)—2(8, 6) + (2, 5), 
(5.8) 2*,8.5(2, 8)(0, 8) = B(2, 7)-2(8 6)—(2, 8), 
(5.9) 2*.8*(0, 1)(1, 2)? = (2, 7) — 23(8, 6) + (2, 5) +3(4, 5) — (8, 4), 
(5.10) 9*.8*(0, 1*(2, 8) = 8(2, 7) -2.7(8, 6) - 2.3(2, 5) +27.8(4, 5) - 2.(8, 4) - (2, 8); 
(7.1) 22.8.5(0, 8)? = (0, 7) — (0, 8), 
(7.2) 9*.8*.7(0, 1)(0, 5) — = 2*.5(0, 7) -2.8.7(1, 6) #8.7(0,6)#(0,1), — - 
(7.8) 2*.8^.5(0, 1)(0,8) = 2.5(0, 7) —2.3.7(1, 6) -- 8.7(0, 5) -- 2*.8*(2, 5) 
—9,8.51, 4) - 2.3(1, 2) — (0, 1), 
(7.4) 27.89(0, 1)¢ = 5(0, 7)-2 8 7(1, 6) #8.7(0, 5) - 2*.8*(2, 5) —9.8*.5(1, 4) 
#3.5(0, 8) — 2" 8*(B, 4) +2°.8%(2, 8) —2.*(1, 2)-- (0, 1), 
(7.5) 92*.8.5(0. 8)(1, 4) = (1, 8) - (1, 4), i 


(7.6) 2°.8.7(0, 1)(1, 6) = 5(1, 8)—27.8(2, 7)+7(1, 6), 
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(7.7) 2°.8%.7(1, 2)(0, 5) = 5(1, 8)—2.8(2, 7) (1, 2), | 
(7.8) 2*.81.5(0, 1)'(1, 4) — —5(,8)-2*8(9, 7) +2.7(1, 6) 2.8(3, 6) —2°.8(2, 5) + 5(1, 4), 
(1:9) 9'.8*,5(0, 1)(1, 2)(0, 3)  6(1, 8) — 2.8*(2, 7) - (1, 6) -- 2*.8(8, 6) 
d —2.8(2, 5) —5(1, 4) - 2.9(2, 8) — (1, 2), 
(7.10) 2*.3*(0, 1)*(1, 2) = 5(1, 8)--2.8.7(9, 7)--8.7(1, 6) + 2*.8*(8, 6) 
—9.82.5(2, 5) - 8.5(1, 4) —2*.8*(2, 5) +8.5(1, 4) j 
—9?.8*(4, 5) - 23.87(8, 4) -2.87(2, 8) + (1, 9); 


(9.1) 2.8.5.7(0, 8)(0,5) = 11(0, 9) -8.7(0, 5) +2.5(0, 8), 
(9.2) 2°.3.5(0, 1)(0, 7) = 11(0, 9)—2.8.5(1, 8) 4 22.5(0, 7) — (0, 1), 
(0.8) 2°.8*,5%(0, 1)(0, 8)* — = 11(0, 9) -2.8.5(1, 8) + 2°.5(0, 7) -2.3.7(0, 5) 
4.92 .8,5(1, 4) — 2.5(0, 8) - (0, 1), 
(0.4) 2°.3°.7(0, 1)(0, 5) — = 11(0, 9) - 2*.8.5(1, 8) +.2°.5(0, 7) +2°.8%2, 7) ` l 
—99.9.7(1, 6)--8.7(0, 5)+2.5(0, 8) -27.8(1, 2)+2(0, 1), 
(9.5) 2'.8*5(0,17(0.8) = 11(0;9)-2.8.5(1, 8)  2*.8.5(0, 7) +2°.8°(2, 7) 


—9* 8.71, 6)--2.8.7(0, 5) -2.9*(8, 6) -2*.8*(2, 5) - 
~92.5(0, 8) — 93.3*(2, 8) - 2.8*(1, 2)  9(0, 1), 
(9.0) 27*.8*(0, 1)" = 11(0, 9) —3.8.5*(1, 8) + 27.57(0, 7) + 2*.87.5(2, 7) - 
—95.8.5.7(1, 6)-- 2.8.5.7(0, 5) — 25.8.5(8, 6) 
4-94,9*.5(9, 5) 23.92. 5*(1, 4) + 2*.5*(0, 8) 
4-95,8*(4, 5) —2*.8*,5(9, 4) # 2.8*.5(2, 3) 
| | -928.5(1, 2)4-5(0, 1), 
(9.7) 2',9*5(0, 1)52,9) — = 11(1, 10) -2,9.5*(2, 9) + 2.5*(1, 8) + 2*.87.5(8, 8) 
—2.8.5.1(2, 7) 2.8.5.7 (1, 6) — 27.87.5(4, 7) 
- 49*.9*.5(8, 6)—2.8*.5%(2, 5) 92.51, 4) 
4 25.8%(5, 6) — 25.82.5(4, B) +24.8.5(8, 4) 
i —9*.8.5(2, 8)+5(1, 2); 
(18.1) 25.8°.5.7(0, 5)(0, 7) — = (0, 18) +2%.6(0, 7)--8.7(0, 5), 
(18.2) 24.8.5.11(0, 8)(0, 9) — — (0, 18)—11(0, 9) +2.5(0, 8), 
(13.3) 2°.8°.5%.7(0, 8)(0, 5). = (0, 18)—2.11(0, 9) + 2.5(0, 7) 8.7(0, 5)—2°.5(0, 8), 
(13.4) 2.8?.5.7.18(0, 1)(0, 11) = 691(0, 18) —2.8.5.7.13(1, 19) # 2.8.5.7.18(0, 11)—691(0, 1). 


Some of these results have been used by ihe author in a paper on the partition 
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function, recently published in ihe Bulletin of the Calcutta Mathematical Society. 
(Lahiri, 1948). 


4. The identities presented in Table B(1) have no doubt their own interest, but 
the main purpose of this paper being the exposition of a method of studying the 
‘congruence properties of og(n) (and also ot T(n)), they are of greater interest because 
they provide us with a valuable tool for deveioping these properties. A glance at the 
Table wii suggest that each ot these identities gives rise to a congruence relation 
between o;(n)’s. By way of illustration we may state, (18 3) gives us on equating the 
‘coefficients of z^ on both sides of the identity 


oln) = 220,(n)--200,(n)--210,(n) +200,(n) (mod 2°.8°.5%.7), 


ENS 
But for the moment we shall refrain from putting down these congruences for we shall 
presently show that itis in general possible to derive more than one congruence relation 
from each of these identities. As a matter of fact we shall deduce nine congruences 
from (18.8), of which two involve c,(n)'s oniy, whereas the remaining involve r{n) 
in addition, l 


z 


~ Tb may be pointed out in this connection that the method adopted to obtain in 
general more than one relation from each of ihe identities in Table B(1) is essentially 
another method of studying the congruence properties of c,4(n), hawmg interesting 
possibilities, but we shall here pursue the method only to that extent as required for the 
aforesaid purpose. 


We shall now prove 
Theorem (A). (u, v) = (u, 8)+ gos, 
(u, v) = (u, 8) (r, v) (r, 8) + Gurr Gore 


"where Qai; | n*—n^, whatever positive integral value be given lo n, and J is a power 
series with integral coefficients. (Ihroughout this paper we shall reserve the letter J to 
denote an integral power series, not necessarily the same in every case), 


* The’ theorem although importani is quite simpie to prove. It is in fact an immediate 
consequence-of the algebraic identities - 


PI. mn? = mnt + mtn? =n’), * 
(12) 
Mn? = qm! + min? — qfi + (mt — mr) nn?) 


In what follows we shall require the values of ga,» for certain values oi a and b, 
It is not difficult to show by using the Fermat-Euler theorem 


: nêm 21 (mod m), it (m, n) = 1, 
that . 
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gsn = 2.8, 4,172.8.5  9g,,292.8.7, go, = 2.8.5, Gis 2.5.11, 
5,5 = 27.8, Jrs = 29.8.5, Joa = 2°.87.7, ging = 2°.8.5, 
9145 = 2.8, Joss = 24.8.5; — gu = 2883.7, 
Gosr = 2.8, Jiny = 24.8.5, 
Jino = 2.83 


Jaa = 2*.8, 4,37 27.8.5, Ga = 23.89.7, Jroa = 2*.D,5, 
ds = 22.8, Is = 24.8.5, giosa = 2°.8*.7, 
Jaye = 27.8, di, = 24.8.5, 

0105 = 25.8. 


8. All congruences involving co(n) which are derivable from the identities in 
Table B(1) by making use of Theorem A are given in the next Table C(1) The method 
of derivation is best illustrated by the following examples. 

Egample 1. We have the formula B(1) (8.8), 

(18) 23.8(0, 1)(8, 4) = 2(8, 6) — 8(4, 5) +B, 4). 

Also by Theorem Á . 
` z (8, 4) E (8, 2)+ (1, 4)- (L, 2) * gas Gaat, 

(8, 4) (2, 8) - (1, 4 — (1, D+ 9*.8J. 
Thus using identities B(1) (8.2), (8.4), (5.8) we get | + 
(14) 2*.9(0, 1)(8, 4) = 2°.8(0, 1)(, 8) +} x 2°.38.5(0, 1)(1, 4) —2*.8(0, 1)(1, 2) +28.8, 
= {8(2, 5) - 4(8, 4) + (2, 8} + 447(1, 6) —12(2, 5) +50, 4)} 
— {5(1, 4)—6(2, 8)+ (1, D} - 2*.85J, 


M 


or, 


Now (18) and (14) lead to 
"(1, 6) = {10(8, 6)—8(2, 5) # 20(1, 4)) — 5(8(4, 5) —5(8, 4) - 72, 8) (L, 2)) +2°.83.5J. 
Finally on equating the coefficients of æ” on both sides we get 
Tnos(n) = (10n5 — 8n? - 20n)o,(n) — 5(8n*— 5n? 4-7n! —n)e(n) (mod 2°.8°.5). 
Ezample 2, We start now from the identity B(1) (5.8) 
(15) 2*.8.5(2, 8)(0, 8) = 8(2, 7) — 2(8, 6) — (2, 8). 


Also by Theorem À : 
(2, 8) = (2, 1) t 93,4, 
(0, 3) = (0, D * 951 ; 
and these give us 
(2, 8)(0, 8) = (0, 1)(2, 8) + (1, 2)(0, 8) - (0, 1)(1, 2) +92 J. 
g—1615P—4 | 
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Therefore on using B(1) (8.2), (8.4), (5.4) we geb 
(16) 2*8.5(2, 8)(0, 8) = 10x 2'.8(0, 1)(2, 8) +24.8.5(1, 2)(0, 8) ] 
: —10 x 2?,8(0, 1)(1, 2) - 2*.85.5J 
= 10{8(2, 5) -4(8, 4)-- (2, 8)} + {7(1, 6) —6(2, 5) - (1, D} 
. —10{5(1, 4) —6(2, 8) -- (1, 2) --2*.8*.5J. 
Now (15) and (16) give us 
8(2, 7) —7(1, 6) = f2(8, 6)+24(2, 5) — 60(1, 4)} 
"a — {40(8, 4) - 71(2, 8) - 11(1, 2)} -2*.8*.5J. 
Equating the coefficients of æ” on both sides we geb 
(Sn? —‘Tn)o,(n) = An? +120 — 265), (n) — (40n? — 71n? + 112)e(n) (mod 9?.8?.5). 
In Table O(1! the figures within square brackets indicate the identity in Table B(1) 
from which the congruence relation is derived by the appropriate use of Theorem A, 


v TABLE C(1) 
(8.1) — Be,(n) € (6n — 1)e(n) (mod 27.8), — [8.1] 
(8.9)  n*e,(n) = n?o(n) (mod 27.8), [8.8] 
(8.80 men) = $(8n'—n*)o(n) (mod 2?.8), [8.6] 
(8.4  Bno,(n) = (6n? —n)e(n) ; (mod 27.8), [8.2] 
(8.5) 8n"c,(n) = (4n! - n?)e(n) (mod 27.8), — [8.4] 
(8.0)  n'e,(n) = n'e(n) (mod 2°.8), — [8.5] 
(8.7) 4(n?—En)o(n) = pán- m)e(n) — (mod2*8), — [B4]: 
(8.89 (n°—2n4)o,(n) = (n*-2n?)e(n) (mod 24.8%), [8.5] 
(8.9) — (an?-Bní)a,(n) = (Bn* - Sn? +n*)o(n) , (mod 2*.8*); [3.6] 
(5.1) — n*e,(n) = (2n? —n?)e,(n) (mod 2°.8), [5.7] 
(5.2) Teln). = 10(8n—1)o,(n) — (24n? —12n + 1)e (n) (mod 2°.8), [5 2] 
(6.8) nfo(n) . = (4w -nje,(n)- (8n* n?)e(n) (mod 25:85, [5.9] 
(6.4) no, = 10(8n? —n)es(n) — (24n* — 12n* n)a(n) (mod 25.8"), — [5.5] 
-(5.5) — nes(n) = 2(n? + n?)e,(n) — (45? n?)e (n) (mod 2°.8%),. . [5.7] 
. (5.6)  8n*e,(n) = 2UTn? —8n?)o,(n) * (12n* — 8n? + n3)o (n) (mod 2*.8%, — [5.10] 


(5.7)  (8m^—'m)e,(n) = 2(Tn? —18n? + ön)o,(n) 

—(I2n* -32n? -18n*—n)e(n) (mod 27.8*), [5.10] 
(5.8) n*o,(n) = n'ay(n) l (mod 27.8.6), [5.6] 
(5.9) Tno,(n) = (12n* — ön)o,(n) - > (mod2*.8.5) [5.8] 
(5.10) 21c,(n) = 10(8n — 1)os(n) + o(n) (mod 2*.8.5), — [5.1] 
(5.11) Tnos{n) = 6n%0,(n) nafn) . (mod 24.3.5), [6.4] 


RAMANUJAN'S FUNCTION t(n), ETC. 


8n?c.(n) = no(n) - n*o(n) 

Ten) . = 10(n+ 8)e,(n) — (40n — T)o(n) 

"no yn) = (10n? + 12n? — 5n)o,(n) — 6(8n* — n?)o (n) 
nêr, (n) = (n? + 5n?)o,(n)— 5nðo{n) 

no(n) = (2n? —n? + 6n)os(n) — (0n? — njo(n) 
non) = 4(Bn? + 5n)a,(n)-— 5(6n? — n)oin) 
Tno;(n) = 2(8n? - 25n)o,(n) — (60n? — 11n)o(n) 
8n'c.(n) * = 2(n* + 165n?)e,(n) — (40n* —11n*)e(n) 
(8n? —7n)e,(n) = 2(m —8n?)o,(n) + (n? —n)o (n) 

Tno,(n) » = (10n? — 8n* + 20n)o,(n) 


— 5(8n4 — 5n? + Tn? — n)o(n) 
(8n*—Tn)o,(n) = 2(n?--12n? — 25n)o,(n) i 


4 : — (40n? — 71n? + Lin)o(n) 
Den) — = 91(2n — 1)o,(n) - 8(86n? — 80n + 5)o,(n) 
+ (7253 — 720? + 18n — 1)o (n) 
5no,(n) = 21(2n? —n)o,(n) - 8(80n? — 80n? + 5nles(n) 
+ (79n“ —T2n + 18n? — n)o (n) 
cn) = oln) 
no(n) = no(n 
20,(n) = 2lo,(n)-6(6n — 2)o,(n) ~o(n) 
no,(n) = l4no,(n) — (24n? —11n)o,(n) 
100-,(n) = 91(2n —1)e, (n) — 6(6n? —6n)o, (n) 
, : — (6n. — 1)e (n) 
no,(nh = Tnox(n)- (6n? —n)o,(n) - no(n) 
5nc,(n) = 2(12n? — Tn)osln)-— (24n? — 24n* + 5n)o,(n) 
Dno,(n) = (18n* — Tn)o,(n) — (12n? — 6n* — 5n)o,(n) 
/ — (6n? — n)o(n) 
e'3(n) = 91e, (n) — B(10n  18)o,(n) + (60n — 11)e (n) 
bo,(n) = 91(n + 2)o,(n) — 8(6n? + TOn — 25)0,(n) 
i + (180n? —98n + B)o(n) 
no(n) = Q1no,(n) —8(10n? + 18n)o;(n) 
+ (60n?—Lin)o(n) 
Buc (n) = 8(8n? + Tn)o,(n) — 8(8n? + 42n? — 15n)o(n) 


+ (24n? —19n? + n)o(n) 


(mod 2*,8.5), 
(mod 2*.8.5), 
(mod 2*.33,5), 
(mod 92*.8?.5), 
(mod 2*,8?.5), 
(mod 25.8?.5), 
(mod 25.8?.5), 
(mod 25.825), 
(mod 25.823,65), 


(mod 2°.8°.5), 


(mod 25.8.5) ; 


(mod 27.87), 


(mod 2°.8°), 
(mod 25.8.5), 
(mod 2*.8.5), 
(mod 25.8.5), 
(mod 2°.87.5), 


(mod 2°.87.5), 
(mod 25.8.5), 


(mod 2.82.5), 


(mod 2*.8?.5), 
(mod 2°.8°.5), 


(mod 28.33.5), 
(mod 2.85.5), 


(mod 2°.8°.5), 
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[5.8] 
[5.1] 
[5.6] 
[5.6] 
[5.7] 
[5.8] 
[5.4] 
[5.8] 
[5.8] 


[8.6] 


[5.8] 


[7.4] 


[7.10] 
[7.1] 
[7.5] 
[7.1] 
[7.5] 


[7.8] 
[7.5] 
[7.8] 


[7.9] 
[7.1] 


[7.8] 


- [7.5] 


[7.8] 


(9.5) 


(9.6) 


(9.7) 


(9.8) 
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5no,(n) = 9(2n? + Tn)o-,(n) — B(4n? + 98n? — 85n)o,(n) 
+ (240n? — 126n? + 11n)o(n) 
öno,ln) = (12n?— Tn)a,(n) 
200,(n) = 21(2n— 1)o,(n) — e(n) 
öno,(n) = 6n?%o,(n)-nó(n) 
5no,(n)  - = (12n? — Tn)o in) + B5no,(n) — 7(6n? — n)o(n) 
95nc,(n) = 2(80n? + Tn)e,(n) — T(12n* — 5n)o,(n) 
200-,(n) = 21(2n — 1)o (n) + 210c,(n) — (252n — 41)o(n) 
Bno,(n) = Gnðo,(n) + 105no,(n) — 2(68n? — LOn)a(n) 
200c,(n) | = 21(20n11)e;(n) - 210(8n — Dos(n)--81o(n) 
bOnc,(n) = 8(20n? + 49n)o,(n) - 126n?0,(n) — Blno(n) 
1lo,(n) = 50(8n —2)o,(n) — 80(24n? — Bn + 7)o,(n) 
+ 20(72n? — 108n* + 45n — 5jo,(n) 
— (864n*— 1440n? + 720n? — 1201 + 5)o (n) 
Ile, (n) = 10(8n —2)o,(n) +o(n) 
110,(n) = 80(8n -- 2)o,(n)-— 8(86n? — 42n + To ,(n) 
+4(86n5 — 54n? + 5)o,(n) 
+ (79n? — 86n + 8)o (1t) 
1lo,(n) — = 10(9n--14)e,(n) — 6(86n? + 288n 
— 188)os(n) + 4(86nð + 1026n? — 900n 
4- 155)o,(1) —{2880n? — 2952n? 
+756n — 48)a(n) 
linc,(n) — = 50(9n?-2n)o,(n)--80(24n? — 28n? 
 Tn)o,(n) + 20(78n* — 1082 -- 45n? 
— ön)o,(n) — (884n* — 1440n“ 
t T20n? — 1207?  5n)o(n) 
1lo,(n) = 10(8n —2)c,(n) + 420,(n) 
— 20(3n — 1)o,(n) — oin) 
lic,(n) = B0(n + B)o,(n)—42(20n—A]o,(n) — - 
+ 20(86n* — 38n + 1)o,(n) + 8(40n —7)o(n) 
llen) = 10(8n + 88e, (n) — 6(280n + 208r, (7) 


+ 20(72n? + 887n — 149)r (n) 
— (7200n? — 8840n + 841)o (n! 


(mod 25.8?.5), 


^ (mod 2.8.7), 


(mod 23.32.7), 
(mod 9*.8*.7), 
(mod 2*.82.5.77), 
(mod 2*.8* 5.7), 
(mod 2*.8*.5.7), 
(mod 2*.3°.5.7), 
(mod 27.8°.5.7), 
(mod 27.83.5.7) ; 


(mod 212,84), 


(mod 2.8.5), 


(mod 215.8*.5), 


(mod 9.84.5), 


(mod" 212 84.5), 


[9.6] 


` [9.2] 


[9.5] 


[9.5] 


[9.7] 


(mod 2*.82.57?),[9.2,9.8] 


(mod 2°.8°.5?), 


[9.3] 


(mod 21^.8*.52, [9.8] 
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(9.9 ilon) = 20(8n—2)e,(n)—8(24n* —28n + Tr, (n) 
$ " —100,(n)+2(6n—1)o(n) (mod 2°.8*.7), [9.4] 
-(9,10) llon) = 21o,(n)—10e,(n) (mod 24.82.5.7), — [9.1] 
(9.11) 11e,(n) 10(8n — 2)o,(n) + 2000,(n) — (940n —41)e(n) ^ (mod 2*.8*.5.'7), [0.2] ' 
(9.12) 11e4(») 200c,(n) — (420n — 281)e,(n) - 10o,(/n)4-10o(n) (mod 25.8*.5.7),. — [9.1] 
(918) lle,(n) = 420,(n)+210,(n)—520,(n)} (mod 27.83.5.7), - [9.1] 
(9.14) Blosn) = 1068n —2)c,(8)-4208n —1)m,m)--41oc(m| ^ (mod2*8*,5.7, [92] 
(9.15) 1le,(m) = 920(8n-—2)e,()—12(0n? — Tn —85)r, (n) 
- — 10(189n — 62)o,(n) 
t (1512n? —744n--61)c(n (mod 27.8.5.7), [9.4] 
(9.16y 11e,(m| = 242c,(n)- 210(2n + I)o,(n) 
i --2(815n —181)e,(n)--81e(n) (mod 29.8%.5.7), [9.1] 
(8.17) GB (m) = 1080n + 1)o,(n)—6(60n? + TT — B6). (n) 
-- 2(878n? — 815n — 25)e,(n) + 81(0n — l)(m| (mod 2?.8*. 5 T), [9.4] 


II! 


(9.18) 1lo,(n) = 462c,(n)+210,(n)—520,(n) ` (mod 2°.8°.67.7), [9.1] 
(9.19) 11e,(n) = 200c,(n)—84(5n—8)o,(n) 
. =10(68n + 190)or4(n) + (2520n—481)o(n) ^ — (mod2*845*7); [9.1] 
(18.1) cum — 2—20c,00 + 21o;(n) ^ + (mod 2°.37.5.7), [13.1] 
(18.9 co(n) — = 281e,(n) — 10(68n — 40)o (n) 

. 4-21o,(n) - 21o(n) (mod í 2*.8?.5?.7), [13.1] 
(18.8) cm = 220,(n) — 20c,(n) -210,(n) + 200, (n) (mod 2* 87.8.7), [18.1, 18.8] 
(18.4) o43(n) ^ = 2580,(n)--10(68n—40)o,(n) 

—908c,(n)--20(63n —20)c,(n)--21e(n) (mod 2°.84.5'.7), [13.1, 18.3] 
(18.5) opn) — = 880e,(n)-21(40n—21)e,(n)-20e(m) ^ (mod 2*8).5.7) ^ [181] 
(18.0) opn = 2B10,(n) -10(68n —80)o-,(n) — 21(40n 
— 21)e,(n) — 42000,(n) + (5040n —841)e(n) (mod 2'.8*.5*.7*), [18.1] 
(18.0 caa) = 1ley(n)-10e,(n) : ' (mod 2*.8.5.11), [18.2] 
(18.8 cn) = 1o0,(n)+2810,(n) f | 
—10(88n -10)o„(n)--11o{n) (mod 2*.8?.57.11), [18.2] 
(18.9 cun) = 1l1o,(n)+220,(n)—820,(n) (mod 27.8?.5 7.11), [18.2] 
(18.10) 210,,(n) = 8520,(n)—2810-,(n) —100c,(n) (mod 2* 3°.5%.7.11), — [18 2] 
(18.11) 691e,,() = 2780(n—1)o,,(n)+691o(n) — (mod 2*,87.5.7.18), — - [18.4] 


(13.12) 6910,,(n) &2780(n — 1)o, (n) + 57830, (n) 
—9730(9& —l)es(n)--418e(n) (mod 27.3?,5*,7.18), — [18.4] 
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(18.13) 18820,„(n)= 5460(n — 1)o-,,(n) + 80080,(n) ^ o 
— 2780(8n — 2)o. (n) +1108e(n) „(mod 2".8*.57.7.18), ^ [19.4] 
(13.14) 601c,,(n) = 2780(n — lær, (n) + 26000,(n) Í 
- —9780(9n—1)e.(n)-.821e(n) (mod 27.8*5,7.18), — [18.4] 
(18.15) 6910,,(n) = 2780(n —1)o,,(n) + 278000,(n) l 
: | —(82760n —6151)e(n! (mod 2°.3°,5.7.11.18). [18.4] 


STATISTICAL LABORATORY, 
PRESIDENOY COLLEGER, QALCUTTA. 
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